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Òåêñò, çàêîäèðîâàííûé â ýòîì ôàéëå, ïðåäñòàâëåí íà ðèñ. 5. Íàäååìñÿ, ÷èòàòåëÿ íå çàòðóäíèò åãî ÷òåíèå è
îí ñîãëàñèòñÿ, ÷òî ïîñðåäñòâîì ïàðàìåòðè÷åñêèõ ñïëàéíîâ ìîæíî âïîëíå ïðèëè÷íî èçîáðàçèòü ðóêîïèñíûå
áóêâû. Êîíå÷íî, ïðèâåäåííîå ðåøåíèå ìîæíî çíà÷èòåëüíî óëó÷øèòü. Âî-ïåðâûõ, ïðîãðàììà íå ñîäåðæèò
êîíòðîëÿ è äèàãíîñòèêè. Åñòü ó íåå è áîëåå ñåðüåçíûé íåäîñòàòîê. Ôàéë èñõîäíûõ äàííûõ íåèçáåæíî áóäåò
ñîäåðæàòü îäíè è òå æå ýëåìåíòû. Èõ çàïèñü îòëè÷àåòñÿ òîëüêî àáñöèññàìè òî÷åê, ïðè÷åì ðàçíîñòü àáñöèññ
ñîîòâåòñòâóþùèõ òî÷åê äâóõ îäèíàêîâûõ ýëåìåíòîâ ïîñòîÿííà. Ñîñòàâëåíèå ïîäîáíîãî ôàéëà ïðåäñòàâëÿåò
ñîáîé äîâîëüíî òðóäîåìêóþ è íóäíóþ ðàáîòó.

Áîëåå ýôôåêòèâíûé, íî çàòî è áîëåå ñëîæíûé ñïîñîá ðåøåíèÿ çàêëþ÷àåòñÿ â ñëåäóþùåì. Êàæäûé ýëåìåíò
çàïèñûâàåì ëèøü îäèí ðàç, è íåîáÿçàòåëüíî â ôàéëå, à ïðîñòî â ïðîãðàììå. Äëÿ êàæäîãî ýëåìåíòà ìîæåò
èñïîëüçîâàòüñÿ ñâîÿ ñèñòåìà êîîðäèíàò, íî êàæäàÿ èç íèõ äîëæíà áûòü ñäâèãîì êàêîé-ëèáî äðóãîé ïî îñè X
(íî íå Y!). Êàæäàÿ áóêâà çàäàåòñÿ (òàêæå íåïîñðåäñòâåííî â ïðîãðàììå) äâóìÿ ìàññèâàìè: îäèí ñîäåðæèò
íîìåðà ýëåìåíòîâ, à äðóãîé � ñäâèãè ïî îñè X îò ïîñëåäíåé òî÷êè ïðåäûäóùåãî ýëåìåíòà äî ïåðâîé òî÷êè
ñëåäóþùåãî. Ìû ïîìíèì èç óðîêîâ ÷èñòîïèñàíèÿ, ÷òî ðóêîïèñíûé òåêñò � ñëèòíûé. Êàê ýòî îáåñïå÷èòü?
Ïóñòü Xe, Ye  � êîîðäèíàòû ïîñëåäíåé òî÷êè î÷åðåäíîé, óæå èçîáðàæåííîé  áóêâû. Íàì íàäî çíàòü, êóäà
ïîìåñòèòü ñëåäóþùóþ. Èñïîëüçóÿ ïàðàìåòðè÷åñêèå ñïëàéíû ïåðâîãî ýëåìåíòà, íàéäåì â íåì ñàìóþ ëåâóþ
òî÷êó ñ îðäèíàòîé Ye. Îáîçíà÷èì åå àáñöèññó ÷åðåç Xnext è ïîëîæèì dx=Xnext−Xe. Ñäâèíåì òåïåðü ñëåäó-
þùóþ áóêâó âëåâî íà dx, òåì ñàìûì ñëèòíîñòü áóäåò îáåñïå÷åíà.  Ìû íå áóäåì ñîñòàâëÿòü  ïîäîáíóþ ïðîãðàì-
ìó, ïðåäîñòàâëÿÿ ýòî çàèíòåðåñîâàííîìó ÷èòàòåëþ.

Çàêëþ÷åíèå
Ïîðà ïîäâîäèòü èòîãè. Êîíå÷íî, ìû íå èñ÷åðïàëè òåìó ñïëàé-

íîâ. Çà ïðåäåëàìè èçëîæåíèÿ îñòàëèñü ìíîãèå âîïðîñû, è â ÷àñò-
íîñòè �ôóíäàìåíòàëüíûå�, èëè B−ñïëàéíû, ïîçâîëÿþùèå óäîá-
íåå ñòðîèòü ñïëàéíû; ïåðèîäè÷åñêèå ñïëàéíû, ïðåäíàçíà÷åííûå
äëÿ ïîñòðîåíèÿ çàìêíóòûõ êðèâûõ;  ïîñòðîåíèå ïðîñòðàíñòâåí-
íûõ êðèâûõ ñ ïîìîùüþ ñïëàéíîâ  è ðÿä äðóãèõ âîïðîñîâ.

Îäíàêî ìû íàäååìñÿ, ÷òî ÷èòàòåëü ïîëó÷èë íåêîòîðîå ïðåä-
ñòàâëåíèå î ñïëàéíàõ êàê óäîáíîì è íàäåæíîì èíñòðóìåíòå
èíòåðïîëÿöèè è ïðîâåäåíèÿ êðèâûõ.
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Ââåäåíèå
Ìû ðàññêàæåì î ñîâðåìåííîì ìåòîäå èíòåðïîëÿöèè, îñíîâàííîì íà èñïîëüçîâàíèè ñïëàéíîâ. Â ïåðâîì

ðàçäåëå ðàññìàòðèâàåòñÿ êëàññè÷åñêèé ìåòîä èíòåðïîëÿöèè, èñïîëüçóþùèé ìíîãî÷ëåíû Ëàãðàíæà. Ñîîáùàåòñÿ,
êàêèå òðóäíîñòè è ïðîáëåìû ñâÿçàíû ñ ýòèì ìåòîäîì. Âî âòîðîì ðàçäåëå äàåòñÿ îïðåäåëåíèå ñïëàéíà è èçëàãà-
þòñÿ èäåè, íà êîòîðûõ îñíîâàí ìåòîä ñïëàéíîâ. Òðåòèé ðàçäåë ïîñâÿùåí àëãîðèòìó ïîñòðîåíèÿ ñïëàéíîâ. Â
÷åòâåðòîì ðàçäåëå äåìîíñòðèðóåòñÿ ýôôåêòèâíîñòü  èíòåðïîëÿöèè ñ ïîìîùüþ ñïëàéíîâ. Íàêîíåö, â ïÿòîì
ðàçäåëå ðàññêàçûâàåòñÿ î ïðèìåíåíèè ïàðàìåòðè÷åñêèõ ñïëàéíîâ äëÿ ïðîâåäåíèÿ ïëàâíûõ êðèâûõ ÷åðåç çàäàí-
íûå òî÷êè.

Äëÿ âñåõ îñíîâíûõ àëãîðèòìîâ èíòåðïîëÿöèè ïðèâîäÿòñÿ ñîîòâåòñòâóþùèå ôóíêöèè è ïðîöåäóðû íà ÿçûêàõ
ïðîãðàììèðîâàíèÿ Ïàñêàëü,  Ñè è Áåéñèê (âåðñèÿ QBasic). Òàêæå ïðèâîäÿòñÿ ïðîãðàììû, èëëþñòðèðóþùèå
ïðèìåíåíèå ýòèõ ôóíêöèé è ïðîöåäóð.

1. Èíòåðïîëÿöèîííûå ìíîãî÷ëåíû Ëàãðàíæà
Íàïîìíèì ïîñòàíîâêó çàäà÷è èíòåðïîëÿöèè: èìåÿ òàáëèöó çíà÷åíèé ôóíêöèè è íåêîòîðûé êëàññ íåïðåðûâ-

íûõ ôóíêöèé, âûáðàòü èç íåãî ôóíêöèþ, ãðàôèê êîòîðîé ïðîõîäèò ÷åðåç çàäàííûå òî÷êè èëè, â ãåîìåòðè÷åñ-
êîé òðàêòîâêå, ïðîâåñòè ïëàâíóþ êðèâóþ ÷åðåç çàäàííûå òî÷êè. Êëàññ ôóíêöèé äîëæåí áûòü äîñòàòî÷íî
óçêèì, ÷òîáû âûáîð áûë åäèíñòâåííûì, è òàêèì, ÷òîáû íàéäåííàÿ ôóíêöèÿ îòâå÷àëà íàøåìó èíòóèòèâíîìó
ïðåäñòàâëåíèþ î ïëàâíîé êðèâîé.

Èçäàâíà ñ÷èòàëîñü, ÷òî òàêîé êëàññ îáðàçóþò ìíîãî÷ëåíû. Çàäà÷à èíòåðïîëÿöèè ñ ïîìîùüþ ìíîãî÷ëåíîâ
ôîðìóëèðóåòñÿ  ñëåäóþùèì îáðàçîì. Ïðîìåæóòîê [x

0
, x

n
] ðàçáèò íà n èíòåðâàëîâ òî÷êàìè (èëè, êàê ãîâîðÿò,

óçëàìè):

x
0
, x

1
, x

2
, ..., x

n

� òàê ÷òî x
i�1

 < x
i
. Â óçëàõ çàäàíû çíà÷åíèÿ ôóíêöèè F(x): y

i 
= F(x

i
) (ñì. ðèñ. 1). Òðåáóåòñÿ ïîñòðîèòü

ìíîãî÷ëåí âîçìîæíî ìåíüøåé ñòåïåíè, çíà÷åíèÿ êîòîðîãî â óçëàõ ðàâíû y
i
, ò.å. îíè äîëæíû ñîâïàäàòü ñî

çíà÷åíèÿìè ôóíêöèè F(x). Òàêîé ìíîãî÷ëåí íàçûâàåòñÿ èíòåðïîëÿöèîííûì ìíîãî÷ëåíîì ôóíêöèè F(x). Åñ-
òåñòâåííî ïîëàãàòü, ÷òî ïðè äîñòàòî÷íîì ÷èñëå óçëîâ ãðàôèê èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà áóäåò ïîõîæ íà
ãðàôèê ïîðîæäàþùåé åãî ôóíêöèè, îäíàêî ýòî âñåãî ëèøü ïðåäïîëîæåíèå, ãèïîòåçà.

Óêàçàííàÿ çàäà÷à ïðèâëåêàëà âíèìàíèå ìíîãèõ  ìàòåìàòèêîâ, âêëþ÷àÿ Íüþòîíà è Ãàóññà, íà÷èíàÿ ñ
XVII âåêà. Âèäèìî, íàèáîëåå ïðîñòóþ  ôîðìóëó èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà ïðåäëîæèë Ëàãðàíæ [1].
Ñíà÷àëà ïðèâåäåì ôîðìóëó äëÿ i-ãî �ôóíäàìåíòàëüíîãî� ìíîãî÷ëåíà Ëàãðàíæà:

L
i
(x) = 

( )( ) .. . ( )( ) .. . ( )

( )( ) .. . ( )( ) .. . ( )

x x x x x x x x x x

x x x x x x x x x x
i i n

i i i i i i i n

− − − − −

− − − − −
− +

− +

0 1 1 1

0 1 1 1
.

Ñðàçó âèäíî, ÷òî ýòî âûðàæåíèå � ìíîãî÷ëåí ñòåïåíè n è, êðîìå
òîãî, â i-ì óçëå îí ðàâåí åäèíèöå, à â îñòàëüíûõ óçëàõ � íóëþ. Îòñþäà
ñëåäóåò, ÷òî èíòåðïîëÿöèîííûé ìíîãî÷ëåí ìîæíî çàïèñàòü â âèäå:

L(x) = y
0
L

0
(x) + y

1
L

1
(x) + ... + y

n
L

n
(x).

Ïðèâåäåì çàïèñü ôóíêöèè Lagr(n, ax, ay, x), ïîçâîëÿþùåé
íàõîäèòü çíà÷åíèå èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà Ëàãðàíæà ñòåïå-
íè n  â òî÷êå x, äëÿ óêàçàííûõ âûøå ÿçûêîâ ïðîãðàììèðîâàíèÿ.
Ïðè ýòîì ax, ay � ìàññèâû óçëîâ è îðäèíàò.

ßçûê Ïàñêàëü

Çäåñü è íèæå èñïîëüçóþòñÿ êîíñòàíòà è òèï:

const Nmax=50;{Ìàêñèìàëüíîå ÷èñëî èíòåðâàëîâ}
type tArr=array[0..Nmax] of double;
function Lagr(n:byte; var aX,aY:tArr; x:double):double;
var I,J:byte; Sum,Add:double;
begin
  Sum:=0;
  for I:=0 to n do begin
   Add:=aY[I];
   for J:=0 to n do
   if J<>I then Add:=Add*(x-aX[J])/(aX[I]-aX[J]);
   Sum:=Sum+Add;
                   end;
Lagr:=Sum;
end;{Lagr}
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LOOP UNTIL (EOF(1)) 'Öèêë ÷òåíèÿ ôàéëà
'Âûõîä - íàæàòèåì êëàâèøè Enter
DO: LOOP UNTIL INKEY$ = CHR$(13)
SCREEN 0 'Ïåpåõîä â òåêñòîâûé påæèì
CLOSE #1 'Çàêpûâàåì ôàéë "word"
END

SUB Curve (aX#(), aY#(), M#, Param%())
...
END SUB

SUB MomSpline (n%, aX#(), aY#(), Mom#(), BC%(), Der#())
...
END SUB

FUNCTION PosBlank% (S$, Beg%)
'Îïpåäåëåíèå ïîçèöèè ïåpâîãî ïpîáåëà, íàõîäÿùåãîñÿ â ñòpîêå S ïpàâåå ïîçèöèè Beg,
'ñ÷èòàÿ, ÷òî òàêîé ïpîáåë ñóùåñòâóåò
DIM i AS INTEGER
i = Beg% + 1
DO WHILE MID$(S$, i, 1) <> " ": i = i + 1: LOOP
PosBlank% = i
END FUNCTION

FUNCTION Round% (A#)
'Îêpóãëåíèå äî áëèæàéøåãî öåëîãî
Round% = INT(A# + .5)
END FUNCTION

FUNCTION Spline# (aX#(), aY#(), Mom#(), X#)
...
END FUNCTION

FUNCTION Xscr% (X%)
'Ïåðåõîä îò öåíòðàëüíîé êîîðäèíàòû X ê ýêðàííîé
Xscr% = X% + Ws / 2
END FUNCTION

FUNCTION Yscr% (Y%)
'Ïåðåõîä îò öåíòðàëüíîé êîîðäèíàòû Y ê ýêðàííîé
Yscr% = Hs / 2 - Y%
END FUNCTION

Ïðèâåäåì ïðèìåð ôàéëà WORD:

Tb=2 3 2 4.5 0 8 3 10 6.5 12 10 13.5 13.5 15 15 Te=2
Tb=1 15 15 12 10 9 5 9 1 11 0 16 3 Te=2
Tb=1 22 15 19 10 16 5 16 1 18 0 23 3 Te=2
Tb=3 25 0 23.5 3.5 25 6.5 27 9.5 30 10 31.5 8 30.5 5 29 2 25 0 Te=3
Tb=1 33 10 30 5 29 3.3 29 1.7 31 0 33 2 Te=2
Tb=1 37 10 34 5 33 3.3 33 1.7 35 0 38 3 Te=2
Tb=1 42 10 39 5 38 3.3 38 1.7 40 0 43 3 Te=2
Tb=1 47 10 44 5 43 3.3 43 1.7 45 0 48 3 Te=2
Tb=3 50 0 48.5 3.5 50 6.5 52 9.5 55 10 56.5 8 55.5 5 54 2 50 0 Te=3
Tb=1 58 10 55 5 54 3.3 54 1.7 56 0 58 2 Te=2
Tb=1 72 10 69 5 68 3.3 68 1.7 70 0 73 3 Te=2
Tb=1 77 10 74 5 73 3.3 73 1.7 75 0 78 3 Te=2
Tb=1 98 10 95 5 93.5 2.5 91 0 89.5 2.5 Te=2
Tb=1 98 10 95 5 94 3.3 94 1.7 96 0 99 3 Te=2
Tb=1 103 10 100 5 99 3.3 99 1.7 101 0 104 3 Te=2
Tb=2 104 3 108 5 110 7 110 10 108 9 106 7 104 3 106 0 110 2 112 5 Te=2
Tb=3 113 0 111.5 3.5 113 6.5 115 9.5 118 10 119.5 8 118.5 5 117 2 113 0 Te=3
Tb=1 121 10 118 5 115 0 112 -5 110.5 -7 109 -5 110 -4 115 0 123 6.4 Te=1
Tb=1 123 6.4 126.6 10 130.6 14 129 17 127.6 14 125 9.73 123 6.4 Te=1
Tb=3 124 0 122.5 3.5 124 6.5 126 9.5 129 10 130.5 8 129.5 5 128 2 124 0 Te=3
Tb=1 128 2 132 3 Tb=1
Tb=2 132 3 136 5 138 7 138 10 136 9 134 7 132 3 134 0 138 2 140 5 Te=2
Tb=3 141 0 139.5 3.5 141 6.5 143 9.5 146 10 147.5 8 146.5 5 145 2 141 0 Te=3
Tb=1 149 10 146 5 143 0 140 -5 138.5 -7 137 -5 138 -4 143 0 151 6.4 Te=1
Tb=1 153 10 150 5 149 3.3 149 1.7 151 0 154 1.7 154 4 152 6 150 5 Te=2
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ßçûê Ñè

double Lagr(int n, double *ax, double *ay, double x)
{int i,j; double sum=0,add;
 for (i=0; i<=n; i++)
  {add=ay[i];
   for (j=0; j<=n; j++)
   if (i != j) add*=(x-ax[j])/(ax[i]-ax[j]);
   sum+=add;
  }
 return sum;
}

ßçûê Áåéñèê

FUNCTION Lagr# (n%, ax#(), ay#(), x#)
DIM i%, j%, add#, sum#
sum# = 0
FOR i% = 0 TO n%
 add# = ay#(i%)
  FOR j% = 0 TO n%
   IF NOT i% = j% THEN
    add# = add# * (x# - ax#(j%)) / (ax#(i%) - ax#(j%))
   END IF
  NEXT j%
 sum# = sum# + add#
NEXT i%
Lagr# = sum#
END FUNCTION

Ïðîâåäåì íåáîëüøîå èññëåäîâàíèå �êà÷åñòâà� àïïðîêñèìàöèè ïîñðåäñòâîì èíòåðïîëÿöèîííûõ ìíîãî÷ëå-
íîâ Ëàãðàíæà. Èñïîëüçóåì â êà÷åñòâå òåñòîâ äâå ôóíêöèè:

à) ýêñïîíåíòó exp x â ïðîìåæóòêå [0, 2];

á) ôóíêöèþ  F x x( ) ( )= +ln 1 100 2 â ïðîìåæóòêå (�1, 1). (1)

 Cîñòàâèì ñîîòâåòñòâóþùèå ïðîãðàììû. Ïðè ýòîì óçëû áóäåì ïðåäïîëàãàòü ðàâíîîòñòîÿùèìè. Çíà÷åíèÿ ôóíê-
öèè è èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà áóäåì âû÷èñëÿòü â óçëàõ è ïîñðåäèíå êàæäîãî èíòåðâàëà ìåæäó íèìè.
Ðàçóìååòñÿ, â óçëàõ çíà÷åíèÿ ôóíêöèè è èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà äîëæíû ñîâïàñòü. Âî-ïåðâûõ, íå ïîìåøàåò
â ýòîì óáåäèòüñÿ, à âî-âòîðûõ, îíè ïðèãîäÿòñÿ, åñëè ìû çàõîòèì ïîñòðîèòü ãðàôèêè ôóíêöèè è åå èíòåðïîëÿöèîí-
íîãî ìíîãî÷ëåíà. Ïàðàìåòð � ÷èñëî èíòåðâàëîâ n � çàäàåòñÿ íåïîñðåäñòâåííî â ïðîãðàììå êàê êîíñòàíòà.

ßçûê Ïàñêàëü

{Ïðîãðàììà òåñòèðîâàíèÿ èíòåðïîëÿöèîííûõ ìíîãî÷ëåíîâ Ëàãpàíæà}
const Nmax=50; {Ìàêñèìàëüíîå ÷èñëî èíòåðâàëîâ}
type
tArr=array[0..Nmax] of double;
Tarr2=array[1..2] of double;
const
NameF:array[1..2] of string[50]=(
'       1. F(x)=exp(x)',
'       2. F(x)=ln(1+100*x*x)');
n=8;{÷èñëî èíòåðâàëîâ}
Xmin:tArr2=(0,-1); Xmax:tArr2=(2,1);{Ãðàíè÷íûå óçëû}
var
i,NF:byte;
aX,aY:tArr;
h,Xout,Yout,YLagr:double;
Fout:text;
function Lagr(n:byte; var aX,aY:tArr; x:double):double;
...

end;{Lagr}
function F(NF:byte; x:double):double;
{Ôóíêöèè, äëÿ êîòîpûõ íàõîäÿòñÿ èíòåpïîëÿöèîííûå ìíîãî÷ëåíû}
begin
 Case NF of

30
    {n++;
     for (j=1; j<=2; j++)/*Êîîpäèíàòû î÷åpåäíîé òî÷êè*/
      {pB=PosBlank(Sin,Ind);
       /*Number - ñòðîêîâàÿ çàïèñü î÷åðåäíîé êîîðäèíàòû*/
       Substr(Sin,Ind,pB-Ind,Number);
       /*Ïåðåâîä ñòðîêè Number â ýëåìåíò ìàññèâà*/
       if (j==1)  aX[n]=atof(Number);
       else       aY[n]=atof(Number);
       Ind=pB+1;
      }                  /*Êîîpäèíàòû î÷åpåäíîé òî÷êè*/
    }
   while (Ind != IndE); /* Öèêë ÷òåíèÿ êîîðäèíàò */
   Curve(X0,Y0,aX,aY,M,n,Tb,Te);/*Èçîáðàæàåì êðèâóþ*/
  }                      /*Öèêë ÷òåíèÿ ôàéëà*/
 getch(); /* Âûõîä - íàæàòèåì ëþáîé êëàâèøè */
 closegraph(); /* Ïåpåõîä â òåêñòîâûé påæèì */
 fclose(Fin); /* Çàêpûâàåì ôàéë Fin */
}

ßçûê Áåéñèê

'Èçîáðàæåíèå "ðóêîïèñíîãî" òåêñòà ñ ïîìîùüþ ïàðàìåòðè÷åñêîãî ñïëàéíà
DECLARE SUB Curve (aX#(), aY#(), M#, Param%())
DECLARE SUB MomSpline (n%, aX#(), aY#(), Mom#(), BC%(), Der#())
DECLARE FUNCTION PosBlank% (S$, Beg%)
DECLARE FUNCTION Round% (A#)
DECLARE FUNCTION Spline# (aX#(), aY#(), Mom#(), X#)
DECLARE FUNCTION Xscr% (X%)
DECLARE FUNCTION Yscr% (Y%)
DIM SHARED Ws AS INTEGER, Hs AS INTEGER
Ws = 640: Hs = 480 'øèðèíà è âûñîòà ýêðàíà_
Nmax% = 50 'Ìàêñèìàëüíîå ÷èñëî èíòåðâàëîâ
DIM aX(0 TO Nmax%)  AS DOUBLE, aY(0 TO Nmax%) AS DOUBLE
DIM X0 AS INTEGER, Y0 AS INTEGER
DIM White AS INTEGER: White = 15
DIM Sf AS STRING, Number AS STRING
DIM Param(1 TO 6) AS INTEGER
DIM n%, Tb%, Te%, L%, i%, j%, Ind%, IndE%, pB%, M#
'Îòêpûâàåì ôèçè÷åñêèé ôàéë "word" íà ÷òåíèå è äàåì åìó íîìåp #1
OPEN "word" FOR INPUT AS #1
INPUT "Óêàæèòå X0  â öåíòðàëüíûõ êîîðäèíàòàõ ", X0
INPUT "Óêàæèòå Y0  â öåíòðàëüíûõ êîîðäèíàòàõ ", Y0
INPUT "Óêàæèòå ìàñøòàá ", M#
SCREEN 12 'Ïåpåõîä â ãpàôè÷åñêèé påæèì äëÿ ìîíèòîpà VGA
DO                  'Öèêë ÷òåíèÿ ôàéëà
 LINE INPUT #1, Sf
 L% = LEN(Sf) 'Äëèíà ñòðîêè Sf
 Tb% = ASC(MID$(Sf, 4, 1)) - ASC("0")'Êîä íà÷àëà
 Te% = ASC(RIGHT$(Sf, 1)) - ASC("0") 'Êîä êîíöà
 Ind% = 6: IndE% = L% - 3: n% = -1
 DO                      'Öèêë ÷òåíèÿ êîîðäèíàò
  n% = n% + 1
  FOR j% = 1 TO 2 'Êîîpäèíàòû î÷åpåäíîé òî÷êè
   pB% = PosBlank%(Sf, Ind%)
   'Number - ñòðîêîâàÿ çàïèñü î÷åðåäíîé êîîðäèíàòû
   Number = MID$(Sf, Ind%, pB% - Ind%)
   IF j% = 1 THEN
    aX(n%) = VAL(Number)
   ELSE
    aY(n%) = VAL(Number)
   END IF
   Ind% = pB% + 1
  NEXT j%         'Êîîpäèíàòû î÷åpåäíîé òî÷êè
 LOOP UNTIL Ind% = IndE% 'Öèêë ÷òåíèÿ êîîðäèíàò
 Param(1) = X0: Param(2) = Y0: Param(3) = n%:
 Param(4) = Tb%: Param(5) = Te%: Param(6) = White
 'Èçîáðàæàåì êðèâóþ
 CALL Curve(aX(), aY(), M#, Param%())
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   1: F:=exp(x);
   2: F:=ln(1+100*x*x);
end;{Case NF}
end;
BEGIN
  {Ñâÿçûâàåì ëîãè÷åñêèé ôàéë Fout c "ôèçè÷åñêèì" - 'Fout' è îòêðûâàåì åãî íà çàïèñü}
  assign(Fout,'Fout'); rewrite(Fout);
  for NF:=1 to 2 do begin {Öèêë ôóíêöèé}
   h:=(Xmax[NF]-Xmin[NF])/n; {øàã óçëîâ}
   {Âû÷èñëÿåì óçëû è çíà÷åíèÿ òåñòèðóåìîé ôóíêöèè â íèõ}
   for i:=0 to n do
   begin aX[I]:=Xmin[NF]+i*h; aY[i]:=F(NF,aX[I]) end;
     {Çàãîëîâîê âûõîäíîé òàáëèöû}
     writeln(Fout,NameF[NF]);
      writeln(Fout,'Xout     F     YLagr');
     {Âû÷èñëÿåì òî÷êè âûâîäà, à òàêæå çíà÷åíèÿ òåñòèðóåìîé
      ôóíêöèè è èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà â íèõ }
 for i:=0 to 2*n do begin {Öèêë òî÷åê âûâîäà}
  Xout:=Xmin[NF]+i*h/2;
  Yout:=F(NF,Xout); YLagr:=Lagr(n,aX,aY,Xout);
  {âûâîä  ñòðîêè âûõîäíîé òàáëèöû}
  writeln(Fout,Xout:6:4,'  ',Yout:9:7,' ',YLagr:10:7);
                     end;{Öèêë òî÷åê âûâîäà}
                   end;{Öèêë ôóíêöèé}
close(Fout);
END.

ßçûê Ñè

#include<stdio.h>
#include<math.h>
#define Nmax 50 /*Ìàêñèìàëüíîå ÷èñëî óçëîâ*/
int N=8;/*×èñëî èíòåpâàëîâ*/
double Xmin[2]={0,-1}; Xmax[2]={2,1};/*Ãðàíè÷íûå óçëû*/
double Lagr(int n, double *ax, double *ay, double x)
...
}
double F(int NF,double x)
/* Ôóíêöèè, äëÿ êîòîpûõ íàõîäÿòñÿ èíòåpïîëÿöèîííûå ñïëàéíû  */
{switch (NF)
 {case 0: return exp(x);
  case 1: return log(1+100*x*x);
 }
}
void main()
{int i,NF; double ax[Nmax],ay[Nmax];
 double h,xout,yout,yLagr;
 FILE *Fout;
 char *NameF[2]={
 "       1. F(x)=exp(x)",
 "       2. F(x)=ln(1+100*x*x)"};
 /* Ñâÿçûâàåì ëîãè÷åñêèé ôàéë Fout c "ôèçè÷åñêèì" - "Fout" è îòêðûâàåì åãî íà çàïèñü */
 Fout=fopen("Fout","w");
 for (NF=0;NF<2; NF++)/*Öèêë ôóíêöèé*/
  {h=(Xmax[NF]-Xmin[NF])/N; /* øàã óçëîâ */
  /*Âû÷èñëÿåì óçëû è çíà÷åíèÿ òåñòèðóåìîé ôóíêöèè â íèõ*/
  for (i=0; i<=N; i++)
   {ax[i]=Xmin[NF]+i*h; ay[i]=F(NF,ax[i]);}
   /* çàãîëîâîê âûõîäíîé òàáëèöû */
   fprintf(Fout,"%.50s\n",NameF[NF]);
   fprintf(Fout,"Xout     Yout      YLagr\n");

   /*Âû÷èñëÿåì òî÷êè âûâîäà, à òàêæå çíà÷åíèÿ òåñòèðóåìîé
     ôóíêöèè è èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà â íèõ */
   for (i=0; i<=2*N; i++)/*Öèêë òî÷åê âûâîäà*/
    {xout=Xmin[NF]+i*h/2;
     yout=F(NF,xout); yLagr=Lagr(N,ax,ay,xout);
    /*Âûâîä â ôàéë Fout ñòðîêè âûõîäíîé òàáëèöû*/
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ßçûê Ñè

/* èçîáðàæåíèå "ðóêîïèñíîãî" òåêñòà ñ ïîìîùüþ ïàðàìåòðè÷åñêîãî ñïëàéíà */
#include<stdio.h>
#include<graphics.h>
#include<math.h>
#include<conio.h>
#include<string.h>
#define Nmax 50 /* Ìàêñèìàëüíîå ÷èñëî èíòåpâàëîâ */
#define PATH "" /*Ôàéëû *.BGI íàõîäÿòñÿ â pàáî÷åì êàòàëîãå*/
int W,H;
int round(double f) /* Îêpóãëåíèå äî áëèæàéøåãî öåëîãî */
{return (int)floor(f+0.5);}
void WH(int *W, int *H) /* øèðèíà è âûñîòà ýêðàíà */
/* Ôóíêöèè getmaxx è getmaxy âîçâðàùàþò ìàêñèìàëüíûå çíà÷åíèÿ ñîîòâåòñòâóþùèõ ýêðàííûõ
êîîðäèíàò */
{*W=getmaxx()+1; *H=getmaxy()+1;}
/*Ïåðåõîä îò öåíòðàëüíûõ êîîðäèíàò X è Y ê ýêðàííîé*/
int Xscr(int x){ return x+W/2;}
int Yscr(int y){ return H/2-y;}
void MomSpline(int n, double *ax, double *ay, double *mom,
{
...
}
double Spline(double *ax, double *ay, double *mom, double x)
{
...
}
void Curve (int X0,int Y0, double *aX, double *aY,
                 double M, int N, int Tb, int Te)
{
...
}
int PosBlank(char *S,int Beg)
/* Îïpåäåëåíèå ïîçèöèè ïåpâîãî ïpîáåëà, íàõîäÿùåãîñÿ â ñòpîêå S ïpàâåå ïîçèöèè Beg,
ñ÷èòàÿ, ÷òî òàêîé ïpîáåë ñóùåñòâóåò */
{int i;
 i=Beg+1; while(S[i] != ' ') i++; return i;
}
void Substr(char S[],int Start, int L, char *Sub)
/* Âûäåëåíèå èç ñòðîêè S ïîäñòðîêè Sub äëèíîé L c íà÷àëüíîé ïîçèöèè Start */
{int i;
 for (i=0; i<L; i++) Sub[i]=S[Start+i]; Sub[L]='\0';
}
void main()
{char Number[20],Sin[100];
 int n,X0,Y0,gd,gm,kode,Tb,Te,L,i,j,Ind,IndE,pB;
 double aX[Nmax],aY[Nmax];
 double M;
 FILE *Fin;
 /* Ñâÿçûâàåì ëîãè÷åñêèé ôàéë Fin c "ôèçè÷åñêèì" ôàéëîì "word" è îòêðûâàåì åãî íà ÷òåíèå */
 Fin=fopen("word","r");
 printf("\nÓêàæèòå X0  â öåíòðàëüíûõ êîîðäèíàòàõ ");
 scanf("%d",&X0);
 printf("\nÓêàæèòå Y0  â öåíòðàëüíûõ êîîðäèíàòàõ ");
 scanf("%d�,&Y0);
 printf("\nÓêàæèòå ìàñøòàá "); scanf("%lf",&M);
 gd=DETECT;
 initgraph(&gd,&gm,PATH); /* Ïåpåõîä â ãpàôè÷åñêèé påæèì */
 WH(&W,&H); /* Îïpåäåëåíèå øèðèíû è âûñîòû ýêðàíà */
 setcolor(WHITE) ;/*Öâåò ëèíèè - áåëûé*/
 while (feof(Fin) == 0) /*Öèêë ÷òåíèÿ ôàéëà*/
  {fgets(Sin,100,Fin);/* ×èòàåì î÷åðåäíóþ ñòðîêó ôàéëà Fin*/
   L=strlen(Sin);/* Äëèíà ñòðîêè Sin */
   /* Åñëè ñòðîêà - íå ïîñëåäíÿÿ, òî â åå êîíöå
      íàõîäèòñÿ ñèìâîë '\n', îò êîòîðîãî íàäî èçáàâèòüñÿ */
   if (feof(Fin) == 0) {L�; Sin[L]='\0';}
   Tb=Sin[3]-'0'; Te=Sin[L-1]-'0';/*Êîäû íà÷àëà è êîíöà*/
   Ind=5; IndE=L-4; n=-1;
   do                   /* Öèêë ÷òåíèÿ êîîðäèíàò */
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    fprintf(Fout,"%6.4f   %9.7f %10.7f\n",xout,yout,yLagr);
    }                    /*Öèêë òî÷åê âûâîäà*/
 }                    /*Öèêë ôóíêöèé*/
 fclose(Fout); /* Çàêðûâàåì âûõîäíîé ôàéë */
}

ßçûê Áåéñèê

'Ïðîãðàììà òåñòèðîâàíèÿ èíòåðïîëÿöèîííûõ
'ìíîãî÷ëåíîâ Ëàãpàíæà
DECLARE FUNCTION Lagr# (n%, ax#(), ay#(), x#)
DECLARE FUNCTION F# (NF%, x#)
DIM Nmax%: Nmax% = 50: 'Ìàêñèìàëüíîå ÷èñëî èíòåðâàëîâ
DIM n AS INTEGER: n = 8 '×èñëî èíòåðâàëîâ
DIM i AS INTEGER, NF AS INTEGER, nout AS INTEGER
DIM Xout AS DOUBLE, Yout AS DOUBLE, YLagr AS DOUBLE
DIM h AS DOUBLE
DIM ax(0 TO Nmax%) AS DOUBLE, ay(0 TO Nmax%) AS DOUBLE
DIM Xmin(1 TO 2) AS DOUBLE, Xmax(1 TO 2) AS DOUBLE
Xmin(1) = 0: Xmax(1) = 2: Xmin(2) = -1: Xmax(2) = 1
DIM NameF(1 TO 2) AS STRING
NameF(1) = "       1. F(x)=exp(x)"
NameF(2) = "       2. F(x)=ln(1+100*x*x)"
'îòêðûâàåì ôàéë "Fout" íà çàïèñü è ïpèñâàèâàåì
'åìó íîìåp #1
OPEN "Fout" FOR OUTPUT AS #1
FOR NF = 1 TO 2 'Öèêë ôóíêöèé
 h = (Xmax(NF) - Xmin(NF)) / n 'øàã óçëîâ
 'Âû÷èñëÿåì óçëû è çíà÷åíèÿ òåñòèðóåìîé ôóíêöèè  â íèõ
 FOR i = 0 TO n
  ax(i) = Xmin(NF) + i * h: ay(i) = F#(NF, ax#(i))
 NEXT i
 'ôîpìàò âûâîäà
 format$ = "##.####  #.#######   ###.########"
 'Âûâîä â ôàéë #1 çàãîëîâêà âûõîäíîé òàáëèöû
 PRINT #1, NameF(NF)
 PRINT #1, "Xout     Yout         Lagr"
 'Âû÷èñëÿåì òî÷êè âûâîäà, à òàêæå çíà÷åíèÿ òåñòèðóåìîé
 'ôóíêöèè è èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà â íèõ
 FOR i = 0 TO 2 * n 'Öèêë òî÷åê âûâîäà
  Xout = Xmin(NF) + i * h / 2
  Yout = F(NF, Xout): YLagr = Lagr#(n, ax(), ay(), Xout)
  'Âûâîä â ôàéë #1 ñòðîêè âûõîäíîé òàáëèöû
  PRINT #1, USING format$; Xout; Yout; YLagr
 NEXT i             'Öèêë òî÷åê âûâîäà
NEXT NF         'Öèêë ôóíêöèé
CLOSE 'çàêpûâàåì ôàéë #1
END

FUNCTION F# (NF%, x#)
'Ôóíêöèè, äëÿ êîòîpûõ íàõîäÿòñÿ
'èíòåpïîëÿöèîííûå ìíîãî÷ëåíû
SELECT CASE NF%
 CASE 1
  F# = EXP(x#)
 CASE 2
  F# = LOG(1 + 100 * x# * x#)
END SELECT
END FUNCTION
FUNCTION Lagr# (n%, ax#(), ay#(), x#)
...
END FUNCTION

Âûïîëíèâ ëþáóþ èç ýòèõ ïðîãðàìì ïðè n=8, ìîæíî óáåäèòüñÿ, ÷òî ðàñõîæäåíèå ìåæäó ýêñïîíåíòîé è åå
èíòåpïîëÿöèîííûì ìíîãî÷ëåíîì íå ïðåâûøàåò äâóõ åäèíèö ñåäüìîãî äðîáíîãî ðàçðÿäà, ò.å. êà÷åñòâî àïïðîê-
ñèìàöèè î÷åíü âûñîêîå.

Äëÿ âòîðîé ôóíêöèè (1) ñèòóàöèÿ ñîâñåì èíàÿ. Íà ðèñ. 2 ïðåäñòàâëåíû ãðàôèêè ôóíêöèè

F x x( ) ( )= +ln 1 100 2  (ñïëîøíàÿ ëèíèÿ) è åå èíòåpïîëÿöèîííîãî ìíîãî÷ëåíà Lagr(x) (ïóíêòèð).  Âèäíî,

÷òî èíòåðïîëÿöèîííûé ìíîãî÷ëåí  õîòÿ áû êà÷åñòâåííî âîñïðîèçâîäèò ôóíêöèþ F(x) ëèøü ïðè ìàëûõ x, à
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Number,Sin:string;
n,X0,Y0,W,H,gd,gm,kode:integer;
M:double;
Tb,Te,L,i,j,Ind,IndE,pB:byte;
aX,aY:tArr;
procedure MomSpline(n:byte; var aX,aY,Mom:tArr;
             begT,EndT:byte; DerB,DerE:double);
...
end;{MomSpline}
function Spline(var aX,aY,Mom:tArr; x:double):double;
...
end;{Spline}
procedure WH(var W,H:integer);{øèðèíà è âûñîòà ýêðàíà}
begin
{Ôóíêöèè GetMaxX è GetMaxY âîçâðàùàþò ìàêñèìàëüíûå çíà÷åíèÿ ñîîòâåòñòâóþùèõ ýêðàííûõ
êîîðäèíàò}
W:=(GetMaxX+1);{Øèðèíà}
H:=(GetMaxY+1);{Âûñîòà}
end;
Function Xscr(X:Integer):Integer;
{Ïåðåõîä îò öåíòðàëüíîé êîîðäèíàòû X ê ýêðàííîé}
Begin Xscr:=X + W div 2 end;
Function Yscr(Y:Integer):Integer;
{Ïåðåõîä îò öåíòðàëüíîé êîîðäèíàòû Y ê ýêðàííîé}
Begin Yscr:=H div 2 - Y end;
procedure Curve(X0,Y0:integer; var aX,AY:tArr;
                  M:real; N:byte; Tb,Te:byte);
...
end;{Curve}
function PosBlank(S:string; Beg:byte):byte;
{Îïpåäåëåíèå ïîçèöèè ïåpâîãî ïpîáåëà, íàõîäÿùåãîñÿ â ñòpîêå S ïpàâåå ïîçèöèè Beg,
ñ÷èòàÿ, ÷òî òàêîé ïpîáåë ñóùåñòâóåò}
var i:byte;
begin
i:=Beg+1; while S[i]<>' ' do inc(i); PosBlank:=i
end;
BEGIN
{Ñâÿçûâàåì ëîãè÷åñêèé ôàéë Fin c "ôèçè÷åñêèì" ôàéëîì "word" è îòêðûâàåì åãî íà ÷òåíèå}
assign(Fin,'word'); reset(Fin);
write('Óêàæèòå X0  â öåíòðàëüíûõ êîîðäèíàòàõ ');
readln(X0);
write('Óêàæèòå Y0  â öåíòðàëüíûõ êîîðäèíàòàõ ');
readln(Y0);
write('Óêàæèòå ìàñøòàá'); readln(M);
gd:=DETECT;
initgraph(gd,gm,path);{Ïåpåõîä â ãpàôè÷åñêèé påæèì}
WH(W,H); {Îïðåäåëÿåì øèðèíó è âûñîòó ýêðàíà}
setcolor(white);{Öâåò ëèíèè - áåëûé}
repeat         {Öèêë ÷òåíèÿ ôàéëà}
 readln(Fin,Sin);
 L:=length(Sin);{Äëèíà ñòðîêè Sin}
 Tb:=ord(Sin[4])-ord('0');{Êîä íà÷àëà}
 Te:=ord(Sin[L])-ord('0');{Êîä êîíöà}
 Ind:=6; IndE:=L-3; n:=-1;
 repeat         {Öèêë ÷òåíèÿ êîîðäèíàò}
  inc(n);
  for j:=1 to 2 do begin{Êîîpäèíàòû î÷åpåäíîé òî÷êè}
  pB:=PosBlank(Sin,Ind);
  {Number - ñòðîêîâàÿ çàïèñü î÷åðåäíîé êîîðäèíàòû}
  Number:=copy(Sin,Ind,pB-Ind);
  {Ïåðåâîä ñòðîêè Number â ýëåìåíò ìàññèâà}
  if j=1 then val(Number,aX[n],kode)
  else        val(Number,aY[n],kode);
  Ind:=pB+1;
                    end;{Êîîpäèíàòû î÷åpåäíîé òî÷êè}
 until Ind=IndE;{Öèêë ÷òåíèÿ êîîðäèíàò}
 Curve(X0,Y0,aX,AY,M,n,Tb,Te);{Èçîáðàæàåì êðèâóþ}
until EoF(Fin);{Öèêë ÷òåíèÿ ôàéëà}
readln;{Âûõîä - íàæàòèåì êëàâèøè Enter}
CloseGraph;{Ïåpåõîä â òåêñòîâûé påæèì}
close(Fin);{Çàêpûâàåì ôàéë Fin}
END.
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ïðè | x | > 0,25 îí íà÷èíàåò îñöèëëèðîâàòü (êîëåáàòüñÿ), ò.å. ïðîõîäèò
÷åðåç ÷åðåäóþùèåñÿ ìèíèìóìû è ìàêñèìóìû, ðàñïîëîæåííûå âíóòðè
øàãîâ èíòåðïîëÿöèè. Ïðè ýòîì ñ ðîñòîì | x | àìïëèòóäà êîëåáàíèé
íàðàñòàåò.

Ìîæåò áûòü, ÷èñëî øàãîâ èíòåðïîëÿöèè n=8 ñëèøêîì ìàëî? Ïî-
ïðîáóåì âûïîëíèòü êàêóþ-íèáóäü èç ïðèâåäåííûõ ïðîãðàìì ïðè n=16.
Äåéñòâèòåëüíî, îñöèëëÿöèè ïîÿâëÿþòñÿ ëèøü ïðè | x | > 0,5, íî èõ
àìïëèòóäà ðåçêî óâåëè÷èâàåòñÿ. Ýòî çàòðóäíÿåò ïîñòðîåíèå ãðàôèêîâ,
è ìû ïðîäåìîíñòðèðóåì ñðàâíèòåëüíóþ òàáëèöó ôóíêöèé F(x) è Lagr(x)
ïðè | x | > 0,5.

0,5625 0,6875 0,8125 0,9375

F 3,49 3,89 4,20  4,49

Lagr 3,18 4,88 � 0,76 49,3

Âèäíî, ÷òî êîëåáàíèÿ èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà ðàñòóò ïðîñòî �êàòàñòðîôè÷åñêè�.
Äàæå èç ýòîãî ïðèìåðà âèäíî, ÷òî èñïîëüçîâàòü ìíîãî÷ëåíû Ëàãðàíæà ñëåäóåò  ñ  áîëüøîé îñòîðîæíîñòüþ.

2. ×òî òàêîå ñïëàéí è îòêóäà îí âçÿëñÿ
Â 60-õ ãîäàõ íàøåãî ñòîëåòèÿ áûë ïðåäëîæåí ñîâåðøåííî íîâûé ìåòîä èíòåðïîëÿöèè, îñíîâàííûé íà

èñïîëüçîâàíèè êëàññà ñïëàéí-ôóíêöèé, èëè ïðîñòî ñïëàéíîâ [1, 2]. Ñïëàéí ìîæíî îïðåäåëèòü êàê ôóíêöèþ,
îáëàäàþùóþ ñëåäóþùèìè ñâîéñòâàìè:

à) ãðàôèê ñïëàéíà ïðîõîäèò ÷åðåç âñå çàäàííûå òî÷êè (x
i
, y

i
),  i = 0, 1, ..., n;

á) íà êàæäîì èíòåðâàëå [x
i � 1

, x
i
]  ñïëàéí ÿâëÿåòñÿ êóáè÷åñêèì ìíîãî÷ëåíîì;

â) âî âñåõ âíóòðåííèõ óçëàõ x
i 
,  i = 1, 2, ..., n  � 1 ïåðâàÿ è âòîðàÿ ïðîèçâîäíûå ñïëàéíà íåïðåðûâíû, ò.å.

ñïëàéí � ãëàäêàÿ ôóíêöèÿ.
Ýòî íå ñëèøêîì äëèííîå îïðåäåëåíèå âûçûâàåò öåëóþ ãàììó âîïðîñîâ:
� ×òî îçíà÷àåò ñëîâî ñïëàéí?
� Ïî÷åìó ñïëàéí ñîñòîèò èç ìíîãî÷ëåíîâ, è ïðèòîì êóáè÷åñêèõ, à íå èç êàêèõ-ëèáî äðóãèõ ôóíêöèé?
� Ïðåäûäóùèé âîïðîñ, â ñóùíîñòè, îçíà÷àåò: êàêàÿ èäåÿ ëåæèò â îñíîâå ìåòîäà ñïëàéíîâ?
� ßâëÿåòñÿ ëè ïðèâåäåííîå îïðåäåëåíèå ñïëàéíà ïîëíûì, ò.å. äîñòàòî÷íî ëè èíôîðìàöèè î çàäàííûõ

òî÷êàõ äëÿ ïîñòðîåíèÿ ñïëàéíà?
� Êàê ïîñòðîèòü ñïëàéí, ò.å. êàê îïðåäåëèòü êîýôôèöèåíòû êóáè÷åñêèõ ìíîãî÷ëåíîâ, èç êîòîðûõ ñîñòîèò

ñïëàéí?
Íà÷íåì ñ òåðìèíîëîãèè. Àíãëèéñêîå ñëîâî spline îçíà÷àåò çäåñü äëèííóþ è òîíêóþ ëèíåéêó, èçãèáàÿ êîòî-

ðóþ ïðîâîäÿò ïëàâíóþ êðèâóþ ÷åðåç çàäàííûå òî÷êè.
Îòâåò íà âîïðîñ îá èäåéíûõ èñòîêàõ ìåòîäà ñïëàéíîâ ïîòðåáóåò çíà÷èòåëüíî áîëüøå ìåñòà.  Êàê è âî

âðåìåíà Íüþòîíà è Ýéëåðà, èçîáðåòàòåëè ìåòîäà ñïëàéíîâ âäîõíîâëÿëèñü èäåÿìè, çàèìñòâîâàííûìè èç
ìåõàíèêè. Â äàííîì ñëó÷àå ðå÷ü èäåò î ðàçäåëå ìåõàíèêè, èçâåñòíîì ïîä íàçâàíèåì ñîïðîòèâëåíèå ìàòåðèà-
ëîâ [3]. Íà ñòóäåí÷åñêîì æàðãîíå ýòîò ïðåäìåò èìååò ñîêðàùåííîå íàçâàíèå ñîïðîìàò, è  îòíîøåíèå ê
íåìó äîñòàòî÷íî ÿðêî õàðàêòåðèçóåò ïîãîâîðêà: �Ñäàë ñîïðîìàò � ìîæåøü æåíèòüñÿ�.

Ìû ðàññìîòðèì (ðàçóìååòñÿ, î÷åíü êðàòêî è áåãëî) ðàçäåë ñîïðîòèâëåíèÿ ìàòåðèàëîâ, èçâåñòíûé êàê
òåîðèÿ áàëîê. Ïîä áàëêîé ïîäðàçóìåâàåòñÿ ïðÿìîëèíåéíûé ñòåðæåíü, îáëàäàþùèé îïðåäåëåííîé æåñò-
êîñòüþ, ïîïåðå÷íûå ðàçìåðû êîòîðîãî çíà÷èòåëüíî ìåíüøå åãî äëèíû. Ýòî îçíà÷àåò, ÷òî èçãèá áàëêè (à
òàêæå åå ðàñòÿæåíèå) òðåáóåò çàìåòíûõ óñèëèé, â îòëè÷èå îò ñòðóíû (íèòè), êîòîðàÿ ñâîáîäíî èçãèáà-
åòñÿ, íî ñîïðîòèâëÿåòñÿ ðàñòÿæåíèþ. Ïóñòü áàëêà íàïðàâëåíà ãîðèçîíòàëüíî è îïðåäåëåííûì ñïîñîáîì
çàêðåïëåíà íà îïîðàõ, ðàñïîëîæåííûõ íà åå êîíöàõ (ñì. ðèñ. 3). Íàïðàâèì îñü x âäîëü áàëêè, à îñü y �
âåðòèêàëüíî. Êîîðäèíàòû êîíöîâ áàëêè îáîçíà÷èì ÷åðåç x

0
 è x

n
.  Íà áàëêó äåéñòâóþò ñèëû, êîòîðûå ìû

áóäåì ñ÷èòàòü âåðòèêàëüíûìè. Êîîðäèíàòû òî÷åê ïðè-
ëîæåíèÿ ñèë îáîçíà÷èì : x

1
, x

2
, ..., x

n � 1
.

Æåñòêîñòü áàëêè íå àáñîëþòíà � ïîä äåéñòâèåì ïðèëî-
æåííûõ ñèë îíà äåôîðìèðóåòñÿ. Ðàçëè÷àþò ëèíåéíûå äå-
ôîðìàöèè � ïåðåìåùåíèÿ òî÷åê áàëêè ïî âåðòèêàëè � è
óãëîâûå äåôîðìàöèè � óãëû ïîâîðîòà ïîïåðå÷íûõ ñå÷å-
íèé áàëêè.  Îáîçíà÷èì ëèíåéíîå ïåðåìåùåíèå â òî÷êå x
÷åðåç y(x). Íåòðóäíî çàìåòèòü, ÷òî óãëîâîå ïåðåìåùå-
íèå � ýòî óãîë íàêëîíà êàñàòåëüíîé ê ôóíêöèè y(x).
Ñôîðìóëèðóåì îñíîâíóþ ãèïîòåçó òåîðèè áàëîê: àáñî-
ëþòíûå çíà÷åíèÿ ëèíåéíûõ è óãëîâûõ ïåðåìåùåíèé âåñü-

Ðèñ. 2

| x |ôóíêöèÿ

X

Ðèñ. 3
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FUNCTION Spline# (aX#(), aY#(), Mom#(), X#)
...
END FUNCTION

FUNCTION Xscr% (X%)
'Ïåðåõîä îò öåíòðàëüíîé êîîðäèíàòû X ê ýêðàííîé
Xscr% = X% + Ws / 2
END FUNCTION

FUNCTION Yscr% (Y%)
'Ïåðåõîä îò öåíòðàëüíîé êîîðäèíàòû Y ê ýêðàííîé
Yscr% = Hs / 2 - Y%
END FUNCTION

Íà ðèñ. 4  ïðåäñòàâëåíû  ýëëèïñ è ñïèðàëü Àðõèìåäà, ïîëó÷åííûå ñ
ïîìîùüþ ýòîé ïðîãðàììû. Êàê âèäèì, ïàðàìåòðè÷åñêèå ñïëàéíû ðàáîòà-
þò âïîëíå óäîâëåòâîðèòåëüíî. Êîíå÷íî, ðàñïîëàãàÿ óðàâíåíèÿìè ýëëèïñà
è ñïèðàëè Àðõèìåäà, ìû âïîëíå ìîãëè ïîñòðîèòü ýòè êðèâûå, íå èñïîëü-
çóÿ ïàðàìåòðè÷åñêèå ñïëàéíû.

Ñåé÷àñ ìû ïåðåéäåì ê áîëåå èíòåðåñíîé çàäà÷å. Òðåáóåòñÿ âîñïðîèçâåñòè
íà ýêðàíå íåáîëüøîé ðóêîïèñíûé òåêñò íà ðóññêîì ÿçûêå � ñëîâî èëè
ôðàçó. Ïðåäïîëàãàåòñÿ, ÷òî òåêñò ïåðâîíà÷àëüíî íàïèñàí íà ìèëëèìåòðîâ-
êå. Êàæäóþ áóêâó ðàçáèâàåì íà ýëåìåíòû � ãëàäêèå êðèâûå: îâàëû, ðàç-
ëè÷íûå �êðþ÷êè� è ò.ä. òàê, êàê íàñ êîãäà-òî ó÷èëè íà óðîêàõ ÷èñòîïèñà-
íèÿ. Äëÿ êàæäîãî ýëåìåíòà âûáèðàåì íåñêîëüêî õàðàêòåðíûõ òî÷åê, çàïè-
ñûâàåì èõ êîîðäèíàòû è, êðîìå òîãî, óêàçûâàåì ãðàíè÷íûå óñëîâèÿ. Òàê,
äëÿ îâàëà (ýëåìåíò ðóêîïèñíûõ áóêâ �î�, �à�, �ð�, �ä� è ò.ä.) óäîáíî
âûáðàòü â êà÷åñòâå ïåðâîé (è ïîñëåäíåé) òî÷êè íèæíþþ èëè âåðõíþþ. Òîãäà êàñàòåëüíàÿ â ýòîé òî÷êå
ãîðèçîíòàëüíà è ìîæíî èñïîëüçîâàòü â íà÷àëå è êîíöå ãðàíè÷íîå óñëîâèå 3. Êðþ÷îê, çàãíóòûé âíèçó (ýëåìåíò
ðóêîïèñíûõ áóêâ �à�, �è�, �ø�, �ì� è ò.ä.), ââåðõó èìååò ïðÿìîëèíåéíûé ó÷àñòîê. Ïîýòîìó åñëè íà÷àòü ñ
âåðõíåé òî÷êè, òî êîä íà÷àëüíîãî óñëîâèÿ � 1, à êîíå÷íîãî  � 2. Ó÷èòûâàÿ, ÷òî îáúåì ýòîé èíôîðìàöèè
äîâîëüíî âåëèê, ïîìåùàåì åå â òåêñòîâûé ôàéë. Äëÿ ýëåìåíòà îòâîäèì ñòðîêó ôàéëà öåëèêîì. Âíà÷àëå óêàçû-
âàåì íà÷àëüíîå óñëîâèå â âèäå Tb=..., íàïðèìåð, äëÿ îâàëà  Tb=3. Äàëåå (ïðîïóñòèâ îäèí ïðîáåë) çàïèñûâà-
åì êîîðäèíàòû òî÷åê ýëåìåíòà, ðàçäåëÿÿ èõ òàêæå îäíèì ïðîáåëîì. Ïîñëå îðäèíàòû ïîñëåäíåé òî÷êè ïðîïóñ-
êàåì ïðîáåë è óêàçûâàåì êîíå÷íîå óñëîâèå â âèäå Te=...,  íàïðèìåð, äëÿ îâàëà  Tå=3. Ïàðàìåòðû ýòîé
çàäà÷è:

à) Öåíòðàëüíûå êîîðäèíàòû òî÷êè ïðèâÿçêè � X0,Y0. Òî÷êà ïðèâÿçêè ñîîòâåòñòâóåò íà÷àëó êîîðäèíàò íà
ìèëëèìåòðîâêå.

á) Ìàñøòàá M � ÷èñëî ïèêñåëåé â îäíîì ìèëëèìåòðå.
Àëãîðèòì ðåøåíèÿ ýòîé çàäà÷è çàêëþ÷àåòñÿ â ñëåäóþùåì. Ïîñëåäîâàòåëüíî ÷èòàþòñÿ ñòðîêè ôàéëà. Äëÿ

êàæäîé ïðî÷èòàííîé ñòðîêè âûïîëíÿåòñÿ ïîñëåäîâàòåëüíîñòü äåéñòâèé:
� Íàõîäèòñÿ êîä íà÷àëüíîãî óñëîâèÿ Tb, îí ñîäåðæèòñÿ â 4-é ïîçèöèè ñòðîêè (äëÿ Ñè � â 3-é), à òàêæå

êîä êîíå÷íîãî óñëîâèÿ Te, êîòîðûé ñîäåðæèòñÿ â  ïîñëåäíåé ïîçèöèè ñòðîêè.
� Ñ÷åò÷èêó òî÷åê n ïðèñâàèâàåòñÿ çíà÷åíèå �1, èíäåêñ ïåðâîé ïîçèöèè çàïèñè àáñöèññû òî÷êè Ind

ïîëó÷àåò çíà÷åíèå 6 (äëÿ Ñè � 5), à èíäåêñ ïîäñòðîêè "Te=", îáîçíà÷àåìûé  IndE, � (L�3), ãäå L �
äëèíà ñòðîêè.

� Âûïîëíÿåòñÿ öèêë ÷òåíèÿ êîîðäèíàò òî÷åê ýëåìåíòà: íàðàùèâàåòñÿ ñ÷åò÷èê òî÷åê  n; íàõîäèòñÿ ïîçèöèÿ
ïðîáåëà, îáðàìëÿþùåãî ñïðàâà çàïèñü àáñöèññû òî÷êè pB; âûäåëÿåòñÿ ïîäñòðîêà óêàçàííîé çàïèñè è ïåðåâî-
äèòñÿ â aX[n]; óâåëè÷èâàÿ íà åäèíèöó pB, ïîëó÷àåì èíäåêñ ïåðâîé ïîçèöèè çàïèñè îðäèíàòû òî÷êè; äåéñòâóÿ
àíàëîãè÷íûì îáðàçîì, íàõîäèì aY[n] è èíäåêñ ïåðâîé ïîçèöèè çàïèñè àáñöèññû ñëåäóþùåé òî÷êè Ind; åñëè
Ind=IndE, òî öèêë çàêîí÷åí.

� Íà ýêðàíå ñ ïîìîùüþ ïðîöåäóðû Curve èçîáðàæàåòñÿ ýëåìåíò.
Ïðèâîäèì ïðîãðàììû.

ßçûê Ïàñêàëü

{Èçîáðàæåíèå "ðóêîïèñíîãî" òåêñòà ñ ïîìîùüþ ïàðàìåòðè÷åñêîãî ñïëàéíà}
uses GRAPH,CRT;
const
Nmax=50;{Ìàêñèìàëüíîå ÷èñëî èíòåðâàëîâ}
PATH='';{Ôàéëû *.BGI íàõîäÿòñÿ â pàáî÷åì êàòàëîãå}
type tArr=array[0..Nmax] of double;
Var
Fin:text;

Ðèñ. 4
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ìà ìàëû. Îòñþäà ñëåäóåò, ÷òî â êà÷åñòâå óãëîâîãî ïåðåìåùåíèÿ ñ äîñòàòî÷íîé òî÷íîñòüþ ìîæíî ïðèíÿòü

ïðîèçâîäíóþ ôóíêöèè y(x), ò.å. ′y x( ) .

Âûøå áûëè óïîìÿíóòû îïîðû áàëêè. Ðàçëè÷àþò äâà òèïà îïîð: øàðíèðíàÿ îïîðà è çàùåìëåíèå. Øàðíèðíàÿ
îïîðà ôèêñèðóåò ëèíåéíîå ïåðåìåùåíèå áàëêè â òî÷êå ïðèëîæåíèÿ îïîðû, íî íå ïðåïÿòñòâóåò óãëîâîìó
ïåðåìåùåíèþ â íåé, à çàùåìëåíèå ôèêñèðóåò êàê ëèíåéíîå, òàê è óãëîâîå ïåðåìåùåíèå. Â îïîðàõ âîçíèêàþò
ðåàêòèâíûå óñèëèÿ (ðåàêöèè), ïðèëîæåííûå ê áàëêå. Øàðíèðíîé îïîðå ñîîòâåòñòâóåò ðåàêòèâíàÿ ñèëà, à
çàùåìëåíèþ � åùå è ðåàêòèâíûé èçãèáàþùèé ìîìåíò. Ìû íå áóäåì çàíèìàòüñÿ âîïðîñîì, êàê îïðåäåëèòü
ðåàêöèè â îïîðàõ, íàì äîñòàòî÷íî çíàòü, ÷òî îíè ñóùåñòâóþò è çàâèñÿò îò òèïà îïîðû.

Îäíèì èç öåíòðàëüíûõ ïîíÿòèé òåîðèè áàëîê ÿâëÿåòñÿ âíóòðåííèé èçãèáàþùèé ìîìåíò M(x), âîçíèêàþ-
ùèé â êàæäîé òî÷êå (êàæäîì ñå÷åíèè) áàëêè.  Îí îïðåäåëÿåòñÿ êàê ñóììà ìîìåíòîâ âñåõ ñèë, ïðèëîæåííûõ
ëåâåå ðàññìàòðèâàåìîé òî÷êè ñ êîîðäèíàòîé x, ò.å. ñèë, òî÷êè ïðèëîæåíèÿ êîòîðûõ  x

i 
< x. Â ýòó ñóììó âõîäèò

ìîìåíò ðåàêòèâíîé ñèëû, ïðèëîæåííîé ê òî÷êå x
0
, à òàêæå ðåàêòèâíûé èçãèáàþùèé ìîìåíò, ïðèëîæåííûé ê

ýòîé òî÷êå, åñëè îí ñóùåñòâóåò, ò.å. îïîðà ÿâëÿåòñÿ çàùåìëåíèåì. Íàïîìíèì, ÷òî ìîìåíò ñèëû åñòü ïðîèçâå-
äåíèå ñèëû íà �ïëå÷î� � ðàññòîÿíèå îò òî÷êè ïðèëîæåíèÿ ñèëû äî âûáðàííîé òî÷êè (ñ ñîîòâåòñòâóþùèì
çíàêîì). Èç ýòîãî îïðåäåëåíèÿ ñëåäóåò âàæíûé ôàêò: âíóòðåííèé ìîìåíò M(x) � íåïðåðûâíàÿ ôóíêöèÿ x è
íà êàæäîì èíòåðâàëå  [x

i � 1
, x

i
] îíà ëèíåéíà.

Çàïèøåì òåïåðü îñíîâíîå óðàâíåíèå òåîðèè áàëêè, ñâÿçûâàþùåå  ñèëû è ìîìåíòû, äåéñòâóþùèå íà áàëêó,
ñ äåôîðìàöèÿìè:

y RR(x) = 
M x

Z
( )

,

ãäå Z � òàê íàçûâàåìàÿ èçãèáíàÿ æåñòêîñòü áàëêè, îïðåäåëÿåìàÿ åå ìàòåðèàëîì è ãåîìåòðèåé ïîïåðå÷íîãî
ñå÷åíèÿ.

Îòñþäà ñ ó÷åòîì óêàçàííûõ âûøå ñâîéñòâ M(x) � íåïðåðûâíîñòè è ëèíåéíîñòè íà èíòåðâàëàõ [x
i � 1

, x
i
] �

ñëåäóåò, ÷òî ôóíêöèÿ y(x) íà êàæäîì èíòåðâàëå [x
i �1

, x
i
] ÿâëÿåòñÿ êóáè÷åñêèì ìíîãî÷ëåíîì. Î÷åâèäíî òàêæå,

÷òî åå ïåðâàÿ è âòîðàÿ ïðîèçâîäíûå íåïðåðûâíû. Äðóãèìè ñëîâàìè, êðèâàÿ y(x), îïèñûâàþùàÿ ëèíåéíóþ
äåôîðìàöèþ áàëêè, � ýòî ñïëàéí! Âîò ïóòü, ïî êîòîðîìó øëè èçîáðåòàòåëè ñïëàéíà.

Äàâàéòå ðàçáåðåìñÿ, ÷òî ìû, ñîáñòâåííî, ïîëó÷èëè: ñïëàéíû âîçíèêàþò åñòåñòâåííûì îáðàçîì â íåêîòîðîé
ïðèêëàäíîé äèñöèïëèíå, à èìåííî � ñîïðîòèâëåíèè ìàòåðèàëîâ. Åñòü îùóùåíèå, ÷òî ýòîãî íåäîñòàòî÷íî. Âñå-
òàêè îïðåäåëåíèå ñïëàéíà íîñèò ÷èñòî ìàòåìàòè÷åñêèé õàðàêòåð, è áûëî áû âïîëíå ðàçóìíûì, ÷òîáû ñïëàéíû
îáëàäàëè êàêèì-òî ñâîéñòâîì, âûäåëÿþùèì èõ ñðåäè îñòàëüíûõ ôóíêöèé.  Òàêîå ñâîéñòâî åñòü, íî ïîäîéòè ê
íåìó ïîìîæåò òà æå ìåõàíè÷åñêàÿ àíàëîãèÿ. Â ñîïðîòèâëåíèè ìàòåðèàëîâ øèðîêî èñïîëüçóåòñÿ ýíåðãåòè÷åñ-
êèé ìåòîä: áàëêà äåôîðìèðóåòñÿ òàêèì îáðàçîì, ÷òîáû ïîòåíöèàëüíàÿ ýíåðãèÿ äåôîðìàöèè áûëà ìèíèìàëü-
íîé. Óêàçàííàÿ ýíåðãèÿ ïðîïîðöèîíàëüíà èíòåãðàëó âèäà

′′z y dx

x

xn
2

0

.

Îòìåòèì, ÷òî âòîðàÿ ïðîèçâîäíàÿ õàðàêòåðèçóåò êðèâèçíó â äàííîé òî÷êå. Ïîýòîìó ñïëàéí ÿâëÿåòñÿ òàêîé
ãëàäêîé êðèâîé, ïðîõîäÿùåé ÷åðåç çàäàííûå òî÷êè, êîòîðàÿ èìååò ìèíèìàëüíóþ ñðåäíþþ êðèâèçíó.

Íà ÿçûêå ìàòåìàòèêè ýòî îçíà÷àåò, ÷òî ñðåäè âñåõ ãëàäêèõ ôóíêöèé, ïðîõîäÿùèõ ÷åðåç çàäàííûå òî÷êè,
ñïëàéí îáëàäàåò ìèíèìàëüíûì çíà÷åíèåì èíòåãðàëà îò êâàäðàòà âòîðîé ïðîèçâîäíîé èëè, ÷òî òî æå ñàìîå,
ñïëàéí îáëàäàåò ìèíèìàëüíîé ñðåäíåêâàäðàòè÷íîé âòîðîé ïðîèçâîäíîé. Ýòî óòâåðæäåíèå, äîêàçûâàåìîå ÷èñ-
òî ìàòåìàòè÷åñêè, è åñòü òî ñâîéñòâî ñïëàéíîâ, êîòîðîå ìû èñêàëè.

3. Ïîñòðîåíèå ñïëàéíà*

Ïåðåéäåì ê âîïðîñàì ïîñòðîåíèÿ ñïëàéíà, ò.å.  îïðåäåëåíèÿ êîýôôèöèåíòîâ êóáè÷åñêèõ ìíîãî÷ëåíîâ, èç
êîòîðûõ îí ñîñòîèò. Ãëàâíóþ ðîëü áóäóò èãðàòü âòîðûå ïðîèçâîäíûå ñïëàéíà â óçëàõ. Èõ ïðèíÿòî îáîçíà÷àòü
m

i 
= ′′y xi( ) è íàçûâàòü  ìîìåíòàìè  ïî ïðè÷èíàì, ïîíÿòíûì èç ñêàçàííîãî âûøå. Âòîðàÿ ïðîèçâîäíàÿ êóáè÷åñ-

êîãî ìíîãî÷ëåíà ëèíåéíà. Ñëåäîâàòåëüíî, íà i-ì èíòåðâàëå âòîðóþ ïðîèçâîäíóþ ñïëàéíà ìîæíî âûðàçèòü êàê

′′ =
− + −− −y x

m x x m x x

h
i i i i

i
( )

( ) ( )1 1 ,

ãäå h
i 
= x

i
 � x

i �1
 øàã i-ãî èíòåðâàëà.

* Â òðåòüåé ãëàâå îáñóæäàþòñÿ äîñòàòî÷íî ñëîæíûå âîïðîñû, ñâÿçàííûå ñ âûâîäîì óðàâíåíèÿ ñïëàéíà. Â ñëåäóþùèõ ãëàâàõ â
ïðîãðàììàõ èñïîëüçóþòñÿ òîëüêî óðàâíåíèÿ, ïðèâåäåííûå â êîíöå ãëàâû. Òàêèì îáðàçîì, ïðè ïåðâîì ÷òåíèè âûâîä óðàâíåíèé
ìîæíî ïðîïóñòèòü, ïîçíàêîìèâøèñü ëèøü ñ îêîí÷àòåëüíûìè ðåçóëüòàòàìè.

26
DIM n%(1 TO 2): n%(1) = 12: n%(2) = 21 '÷èñëî èíòåðâàëîâ

'Êîäû ãpàíè÷íûõ óñëîâèé
DIM Tb%(1 TO 2): Tb%(1) = 3: Tb%(2) = 2
DIM Te%(1 TO 2): Te%(1) = 3: Te%(2) = 2
'Ìàñøòàá
DIM M#(1 TO 2): M#(1) = 1.5: M#(2) = 1
X0% = 0: Y0% = 0'öåíòðàëüíûå êîîðäèíàòû òî÷êè ïpèâÿçêè
White% = 15 'áåëûé öâåò
LightRed% = 12 'pîçîâûé öâåò
DIM par%(1 TO 2, 1 TO 6)
'Ïåpâàÿ ñòpîêà äâóìåpíîãî ìàññèâà par ñîîòâåòñòâóåò
'ìàññèâó ïàpàìåòpîâ ýëëèïñà, âòîpàÿ - ñïèpàëè Àpõèìåäà
par%(1, 1) = X0%: par%(1, 2) = Y0%: par%(1, 3) = n%(1)
par%(1, 4) = Tb%(1): par%(1, 5) = Te%(1): par%(1, 6) = White%
par%(2, 1) = X0%: par%(2, 2) = Y0%: par%(2, 3) = n%(2)
par%(2, 4) = Tb%(2): par%(2, 5) = Te%(2): par%(2, 6) = White%
DIM Param%(1 TO 6)
DIM Xc AS INTEGER, Yc AS INTEGER, Nc AS INTEGER, i AS INTEGER
FOR Nc = 1 TO 2 'öèêë êpèâûõ
SCREEN 12 'Ïåpåõîä â ãpàôè÷åñêèé påæèì äëÿ ìîíèòîpà VGA
'Íàõîäèì óçëîâûå òî÷êè î÷åðåäíîé êðèâîé
CALL Points(Nc, n%(Nc), aX(), aY())
'Èçîáðàæàåì êðèâóþ
FOR i = 1 TO 6: Param%(i) = par%(Nc, i): NEXT i
CALL Curve(aX(), aY(), M#(Nc), Param%())
'Â óçëîâûõ òî÷êàõ ðèñóåì ðîçîâûå ìàëåíüêèå îêðóæíîñòè
FOR i = 0 TO n%(Nc)
Xc = Xscr%(X0% + Round%(M#(Nc) * aX(i)))
Yc = Yscr%(Y0% + Round%(M#(Nc) * aY(i)))
CIRCLE (Xc, Yc), 3, LightRed% 'pèñîâàíèå îêðóæíîñòè
PAINT (Xc, Yc), LightRed%, LightRed% 'çàêpàñêà îêðóæíîñòè
NEXT i
'Ïpîäîëæåíèå - íàæàòèåì êëàâèøè Enter
DO: LOOP UNTIL INKEY$ = CHR$(13)
SCREEN 0 'Ïåpåõîä â òåêñòîâûé påæèì
NEXT Nc         'öèêë êpèâûõ
END

SUB Curve (aX#(), aY#(), M#, Param%())
...
END SUB

SUB MomSpline (n%, aX#(), aY#(), Mom#(), BC%(), Der#())
...
END SUB

SUB Points (Ncurve%, np%, aX#(), aY#())
'Äëÿ ýëëèïñà è ñïèðàëè Àðõèìåäà íàõîäÿòñÿ ìàññèâû óçëîâ è îðäèíàò aX,aY
DIM i%, A#, b#, Angle0#, Angle#
SELECT CASE Ncurve%
CASE 1 'ýëëèïñ
 A# = 150: b# = 100 'ïîëóîñè
 Angle0# = 270
 FOR i% = 0 TO np%
  Angle# = Angle0# + 360! / np% * i%
  aX#(i%) = A# * COS(Angle# / 180 * Pi)
  aY#(i%) = b# * SIN(Angle# / 180 * Pi)
 NEXT i%
CASE 2 'ñïèðàëü Àðõèìåäà
 FOR i% = 0 TO np%
  Angle# = 630! / np% * i%
  aX#(i%) = Angle# / 4 * COS(Angle# / 180 * Pi)
  aY#(i%) = Angle# / 4 * SIN(Angle# / 180 * Pi)
 NEXT i%
END SELECT
END SUB

FUNCTION Round% (A#)
'îêpóãëåíèå äî áëèæàéøåãî öåëîãî
Round% = INT(A# + .5)
END FUNCTION
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Èíòåãðèðóÿ ýòî âûðàæåíèå äâàæäû, ïîëó÷àåì:

y(x) = 
m x x m x x

h
i i i i

i

− −− + −1
3

1
3

6

( ) ( )
  + C

1
x + C

2
(i)

� ãäå C
1   

è C
2  

� êîíñòàíòû èíòåãðèðîâàíèÿ. Èñïîëüçóåì çíà÷åíèÿ ñïëàéíà â (i �1)-ì è i-ì óçëàõ.
Îáîçíà÷èì

g(x) = C
1
x + C

2
 = ó(x)�

m x x m x x

h
i i i i

i

− −− + −1
3

1
3

6

( ) ( )
. (ii)

Ýòà ôóíêöèÿ òàêæå ëèíåéíàÿ. Âûðàçèì åå çíà÷åíèÿ â (i �1)-ì è i-ì óçëàõ.

g(x
i � 1

) = y
i � 1

 � 
mi

ih
− 1 2

6
, (iii)

g(x
i
) = y

i 
� 

mi
ih6
2'
. (iv)

Èç (ii), (iii), (iv) ìîæíî ïîëó÷èòü (v)

g(x) = 
y

h

m hi

i

i i− −−
F

H
G

I

K
J

1 1

6  (x
i
 � x) + 

y
h

m hi

i

i i−
F

HG
I

KJ6 (x � x
i�1

). (v)

Ïîäñòàâëÿÿ (v) â (i), ïîëó÷èì:

y(x) = 
m x x m x x

h
i i i i

i

− −− + −1
3

1
3

6

( ) ( )
 + 

y

h

m hi

i

i i− −−
F

H
G

I

K
J

1 1

6 (x
i
 � x) + 

y
h

m hi

i

i i−
F

HG
I

KJ6 (x � x
i � 1

).      (2)

×òîáû âû÷èñëÿòü ñïëàéí ñ ïîìîùüþ ýòîãî âûðàæåíèÿ, íàäî èìåòü çíà÷åíèÿ ìîìåíòîâ. Çàéìåìñÿ ýòîé
çàäà÷åé. Âîñïîëüçóåìñÿ óñëîâèåì íåïðåðûâíîñòè ïåðâîé ïðîèçâîäíîé ñïëàéíà (ò.å. îòñóòñòâèåì èçëîìà) âî
âíóòðåííèõ óçëàõ.  Äèôôåðåíöèðóÿ óðàâíåíèå ñïëàéíà, íàõîäèì âûðàæåíèå åãî ïðîèçâîäíîé:

y R(x) = � 
m

h
i

i

− 1

2 (x
i
 � x)2 + 

m
h
i

i2 (x � x
i � 1

)2 � 
hi

6
(m

i
 � m

i � 1
) + k

i
(3)

� ãäå k
i 
= (y

i
 � y

i � 1
)/h

i
 � óãëîâîé êîýôôèöèåíò i-é õîðäû.

Ïîäñòàâèì ñþäà ïðàâóþ ãðàíèöó i-ãî èíòåðâàëà:

y R(x
i
) = 

m hi i

3
 + 

m hi i− 1

6
 + k

i
(4)

Çàïèñàâ óðàâíåíèå (3) äëÿ (i +1)-ãî èíòåðâàëà è ïîäñòàâèâ â íåãî ëåâóþ ãðàíèöó ýòîãî èíòåðâàëà, íàéäåì
äðóãîå âûðàæåíèå äëÿ ýòîé æå ïðîèçâîäíîé:

y R(x
i
) = � 

m hi i + 1

3
 �  

m hi i+ +1 1

6
 + k

i + 1
. (5)

Ïðèðàâíèâàÿ âûðàæåíèÿ (4) è (5), ïîëó÷àåì óðàâíåíèå, ñâÿçûâàþùåå ìîìåíòû â  òðåõ ïîñëåäîâàòåëüíûõ
óçëàõ � (i �1)-ì, i-ì, (i +1)-ì:

h
i
m

i � 1
 + 2(h

i
 + h

i + 1
)m

i
 + h

i + 1
 = 6(k

i + 1
 � k

i
). (6)

Ñêîëüêî òàêèõ óðàâíåíèé ìû èìååì? Èõ êîëè÷åñòâî ðàâíî ÷èñëó âíóòðåííèõ óçëîâ, ò.å. îíî ñîñòàâëÿåò n � 1.
À ìîìåíòû íàì íàäî çíàòü âî âñåõ óçëàõ, ÷èñëî êîòîðûõ n + 1. Çíà÷èò, äâóõ óðàâíåíèé íå õâàòàåò. Òàêèì
îáðàçîì, îòâåò íà âîïðîñ, ÿâëÿåòñÿ ëè ïðèâåäåííîå âûøå  îïðåäåëåíèå ñïëàéíà ïîëíûì, îòðèöàòåëüíûé.
Òàêîé æå îòâåò ïîäñêàçûâàåò è íàøà àíàëîãèÿ: äëÿ íàõîæäåíèÿ äåôîðìàöèé áàëêè íàäî çíàòü, ïîìèìî ïðî÷å-
ãî, êàê îíà çàêðåïëÿåòñÿ íà êîíöàõ, ò.å. íóæíû åùå ãðàíè÷íûå óñëîâèÿ.

Äëÿ ñïëàéíîâ èñïîëüçóþò òðè âàðèàíòà  ãðàíè÷íûõ  óñëîâèé.
1) �Ñâîáîäíûé� êîíåö ñ íóëåâûì ìîìåíòîì: m

0 
= 0 è/èëè m

n 
= 0. Íàçâàíèå ïîäñêàçàíî àíàëîãèåé:

øàðíèðíî çàêðåïëåííûé êîíåö áàëêè ñâîáîäíî ïîâîðà÷èâàåòñÿ, è èçãèáàþùèé ìîìåíò â íåì ðàâåí íóëþ. Ýòî
óñëîâèå ìîæíî èñïîëüçîâàòü, åñëè èçâåñòíî, ÷òî:
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void Points(int Ncurve, int n, double *aX, double *aY)
/* Äëÿ ýëëèïñà è ñïèðàëè Àðõèìåäà íàõîäÿòñÿ ìàññèâû óçëîâ è îðäèíàò aX,aY */
{int i; double a,b,Angle0,Angle;
 switch(Ncurve)
 {case 0: /* ýëëèïñ */
   a=150; b=100; /* ïîëóîñè */
   Angle0=270;
   for (i=0; i<=n; i++)
    {Angle=Angle0+360.0/n*i;
     aX[i]=a*cos(Angle/180*PI);
     aY[i]=b*sin(Angle/180*PI);
    }
     break;
  case 1: /* Ñïèðàëü Àðõèìåäà */
   for (i=0; i<=n; i++)
    {Angle=630.0/n*i;
     aX[i]=Angle/4*cos(Angle/180*PI);
     aY[i]=Angle/4*sin(Angle/180*PI);
    }
     break;
  }
}
void Curve (int X0,int Y0, double M, int N, int Tb, int Te)
{
...
}
void main()
{int Xc,Yc,X0=0,Y0=0,gd,gm,Nc,i;
 /*Ïàðàìåòðû äëÿ êàæäîé êðèâîé*/
 double M[2]={1.5,1};/*Ìàñøòàá*/
 int n[2]={12,21};/*÷èñëî èíòåðâàëîâ*/
 int Tb[2]={3,2};/*Êîä íà÷àëüíîãî óñëîâèÿ*/
 int Te[2]={3,2};/*Êîä êîíå÷íîãî óñëîâèÿ*/
 gd=DETECT;
 for (Nc=0; Nc<2; Nc++)/*öèêë êðèâûõ*/
 {initgraph(&gd,&gm,PATH); /*Ïåpåõîä â ãpàôè÷åñêèé påæèì*/
  WH(&W,&H); /*îïpåäåëåíèå øèðèíû è âûñîòû ýêðàíà*/
  setcolor(WHITE);/*Öâåò ëèíèè - áåëûé*/
  /*Íàõîäèì õàðàêòåðèñòèêè î÷åðåäíîé êðèâîé*/
  Points(Nc,n[Nc],aX,aY);
  /*Èçîáðàæàåì êðèâóþ*/
  Curve(X0,Y0,M[Nc],n[Nc],Tb[Nc],Te[Nc]);
  setcolor(LIGHTRED);/*Öâåò ëèíèè - pîçîâûé*/
  setfillstyle(SOLID_FILL,LIGHTRED);/*çàêpàñêà - pîçîâàÿ*/
  /*Â çàäàííûõ òî÷êàõ ðèñóåì ðîçîâûå ìàëåíüêèå îêðóæíîñòè*/
  for (i=0; i<=n[Nc]; i++)
  {Xc=Xscr(X0+round(M[Nc]*aX[i]));
   Yc=Yscr(Y0+round(M[Nc]*aY[i]));
   pieslice(Xc,Yc,0,360,3);/*ðèñîâàíèå è çàêðàñêà ñåêòîðà*/
  }
  getch(); /* Âûõîä - íàæàòèåì ëþáîé êëàâèøè */
  closegraph(); /* Ïåpåõîä â òåêñòîâûé påæèì */
 }                     /*öèêë êðèâûõ*/
}

ßçûê Áåéñèê

'èçîáðàæåíèå ýëëèïñà è ñïèðàëè Àðõèìåäà ñ ïîìîùüþ ïàðàìåòðè÷åñêîãî ñïëàéíà
DECLARE SUB Curve (aX#(), aY#(), M#, Param%())
DECLARE SUB MomSpline (n%, aX#(), aY#(), Mom#(), BC%(), Der#())
DECLARE SUB Points (Ncurve%, n%, aX#(), aY#())
DECLARE FUNCTION Round% (A#)
DECLARE FUNCTION Spline# (aX#(), aY#(), Mom#(), X#)
DECLARE FUNCTION Xscr% (X%)
DECLARE FUNCTION Yscr% (Y%)
DIM SHARED Pi AS DOUBLE: Pi = 3.1415926#
DIM SHARED Ws AS INTEGER, Hs AS INTEGER
Ws = 640: Hs = 480 'Øèðèíà è âûñîòà ýêðàíà_
Nmax% = 50 'Ìàêñèìàëüíîå ÷èñëî èíòåðâàëîâ
DIM aX(0 TO Nmax%)  AS DOUBLE, aY(0 TO Nmax%) AS DOUBLE
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à) Ãðàíè÷íûé óçåë � ýòî òî÷êà ïåðåãèáà (òàêîâà, íàïðèìåð, òî÷êà  x = 0  äëÿ ôóíêöèé  y = sinx  è y = x3);
á) Íà÷àëüíàÿ (êîíå÷íàÿ) ÷àñòü ñïëàéíà � ïðÿìàÿ ëèíèÿ.

2) Ïàðàáîëè÷åñêèé (êâàäðàòè÷íûé) ãðàíè÷íûé èíòåðâàë:
m

0 
= m

1
    è/èëè    m

n 
= m

n � 1
.

Íàçâàíèå îçíà÷àåò, ÷òî äëÿ ãðàíè÷íîãî èíòåðâàëà âìåñòî êóáè÷åñêîãî ìíîãî÷ëåíà áåðåòñÿ ïàðàáîëè÷åñêèé
(âòîðîé ñòåïåíè). Êàê èçâåñòíî, âòîðàÿ ïðîèçâîäíàÿ ïàðàáîëû ïîñòîÿííà. Ýòî ãðàíè÷íîå óñëîâèå èñïîëüçóåò-
ñÿ, êîãäà îòñóòñòâóåò èíôîðìàöèÿ î çíà÷åíèÿõ ïåðâîé è âòîðîé ïðîèçâîäíîé â ãðàíè÷íîé òî÷êå.

3) Çàùåìëåíèå: â ãðàíè÷íîé òî÷êå çàäàåòñÿ çíà÷åíèå ïðîèçâîäíîé.
à) Ãðàíè÷íàÿ òî÷êà � ëåâàÿ: d

0
 = yR(x0

). Èñïîëüçóÿ ôîðìóëó  (5) ïðè i = 0, çàïèøåì ãðàíè÷íîå óñëîâèå â âèäå:

m
0
 = � 

1
2

m
1
 + 

3 1 0

1

( )k d

h

−
.

á) Ãðàíè÷íàÿ òî÷êà � ïðàâàÿ: d
n
 = y R(x

n
). Òåïåðü èñïîëüçóåì ôîðìóëó  (4) ïðè i = n. Ãðàíè÷íîå óñëîâèå

èìååò âèä:

m
n � 1

 = �2m
n
 + 

6( )d k

h
n n

n

− .

Äëÿ âñåõ òðåõ âàðèàíòîâ ãðàíè÷íûå óñëîâèÿ ìîæíî ïðåäñòàâèòü êàê

m
0
 = rm

1
 + s, (7)

m
n � 1

 = um
n
 + v. (8)

Èòàê, ãðàíè÷íûå óñëîâèÿ ïîçâîëèëè ïîëó÷èòü äâà íåäîñòàþùèõ óðàâíåíèÿ.  Ñèñòåìà  óðàâíåíèé (6) (7),
(8) ïðè i = 1, 2, ..., n, êîòîðóþ íàì ïðåäñòîèò ðåøèòü, � �òðåõäèàãîíàëüíàÿ�. Ýòî îçíà÷àåò, ÷òî â ìàòðèöå
êîýôôèöèåíòîâ ýëåìåíòû, îòëè÷íûå îò íóëÿ, ðàñïîëàãàþòñÿ íà ãëàâíîé äèàãîíàëè è äâóõ ñîñåäíèõ ñ íåé. Äëÿ
òàêèõ ñèñòåì ñóùåñòâóåò ýôôåêòèâíûé ìåòîä ðåøåíèÿ, èçâåñòíûé êàê �ìåòîä ïðîãîíêè�, êîòîðûì ìû è
âîñïîëüçóåìñÿ. Èäåÿ çàêëþ÷àåòñÿ â ñëåäóþùåì. Óðàâíåíèå (7) âûðàæàåò íóëåâîé ìîìåíò ÷åðåç ïåðâûé. Ïîä-
ñòàâèâ åãî â óðàâíåíèå (6) ïðè i = 1, ìû âûðàçèì ïåðâûé ìîìåíò ÷åðåç âòîðîé. Ïðîäîëæàÿ ýòîò ïðîöåññ,
ïîñëåäîâàòåëüíî âûðàæàåì êàæäûé ìîìåíò ÷åðåç åãî ïðàâîãî ñîñåäà è çàêîí÷èì åãî, âûðàçèâ m

n � 1
 ÷åðåç m

n
.

Íî òî æå ñàìîå äåëàåò óðàâíåíèå (8). Ïðèðàâíèâàÿ ýòè âûðàæåíèÿ, íàõîäèì ïîñëåäíèé ìîìåíò m
n
. Òåïåðü

íàõîäèì ïðåäïîñëåäíèé ìîìåíò m
n � 1 

� âåäü îí âûðàæåí ÷åðåç ïîñëåäíèé, çàòåì ìîìåíò m
n � 2

 è ò.ä. âïëîòü
äî íóëåâîãî ìîìåíòà m

0
. Ïåðåéäåì ê òåõíè÷åñêîé ðåàëèçàöèè îïèñàííîãî àëãîðèòìà.

Ïóñòü êàæäûé ìîìåíò, êðîìå ïîñëåäíåãî, ïðåäñòàâëåí â âèäå:

m
i � 1

 = P
i
m

i
 + Q

i
,                  i = 1, 2, ..., n        (8)

� ãäå  P
i
, Q

i 
 � �ïðîãîíî÷íûå� êîýôôèöèåíòû, ïðè÷åì èç óðàâíåíèÿ (7) ñëåäóåò, ÷òî  P

1 
= r, Q

1
 = s.

Ïîäcòàâèâ ýòî âûðàæåíèå â óðàâíåíèå (6), ïîëó÷èì:

m
i
[h

i
P

i
 + 2(h

i
 + h

i + 1
)]+ m

i + 1
h

i + 1
 = 6(k

i + 1
� k

i
) � h

i
Q

i
.

Âèäíî, ÷òî äëÿ ïðîãîíî÷íûõ  êîýôôèöèåíòîâ âûïîëíÿþòñÿ ñîîòíîøåíèÿ:

P
i + 1

 = � 
h

h P h h
i

i i i i

+

++ +
1

12( )
,

Q
i + 1

 = 
6

2
1

1

( )

( )

k k hQ

h P h h
i i i i

i i i i

+

+

− −

+ +
.

Îíè ïîçâîëÿþò ïîñëåäîâàòåëüíî âû÷èñëèòü âñå  ïðîãîíî÷íûå  êîýôôèöèåíòû, íà÷èíàÿ ñî âòîðîãî è êîí-
÷àÿ n-ì. Ýòî �ïðÿìîé õîä� ïðîãîíêè.

Çàïèñàâ óðàâíåíèå (8) ïðè i = n è ñîïîñòàâèâ åãî ñ óðàâíåíèåì (7), íàõîäèì ïîñëåäíèé ìîìåíò m
n
:

m
n
 = 

Q v

u P
n

n

−
−

.

À òåïåðü âûïîëíÿåì �îáðàòíûé õîä� ïðîãîíêè: ïî ôîðìóëå (8) íàõîäèì âñå ìîìåíòû, íà÷èíàÿ ñ (n � 1)-ãî
è êîí÷àÿ ïåðâûì.

Òàêèì îáðàçîì, ñïëàéí âû÷èñëÿåòñÿ ïî ôîðìóëå (2), íî, ïðåæäå ÷åì åþ âîñïîëüçîâàòüñÿ, íàäî íàéòè
ìîìåíòû, ñëåäóÿ óêàçàííîìó àëãîðèòìó.
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end;{MomSpline}
function Spline(var aX,aY,Mom:tArr; x:double):double;
...
end;{Spline}
{Ïåðåõîä îò öåíòðàëüíûõ êîîðäèíàò ê ýêðàííûì}
procedure WH(var W,H:integer);{øèðèíà è âûñîòà ýêðàíà}
begin
{Ôóíêöèè GetMaxX è GetMaxY âîçâðàùàþò ìàêñèìàëüíûå çíà÷åíèÿ ñîîòâåòñòâóþùèõ ýêðàííûõ êîîðäèíàò}
W:=(GetMaxX+1) ;{øèðèíà}
H:=(GetMaxY+1) ;{âûñîòà}
end;
Function Xscr(X:Integer):Integer;
Begin Xscr:=X + W div 2 end;
Function Yscr(Y:Integer):Integer;
Begin Yscr:=H div 2 - Y end;
procedure Curve(var Ax,aY:tArr; X0,Y0:integer;
                M:double; N:byte; Tb,Te:byte);
...
end;{Curve}
BEGIN
X0:=0; Y0:=0; gd:=DETECT;
for Nc:=1 to 2 do begin{öèêë êpèâûõ}
 initgraph(gd,gm,path);{ïåpåõîä â ãpàôè÷åñêèé påæèì}
 WH(W,H); {îïðåäåëÿåì øèðèíó è âûñîòó ýêðàíà}
 setcolor(white);{Öâåò ëèíèè - áåëûé}
 {Íàõîäèì óçëîâûå òî÷êè î÷åðåäíîé êðèâîé}
 Points(Nc,n[Nc],aX,aY);
 {Èçîápàæàåì êpèâóþ}
 Curve(aX,aY,X0,Y0,M[Nc],n[Nc],Tb[Nc],Te[Nc]);
 setcolor(LightRed);{Öâåò ëèíèè - pîçîâûé}
 setfillstyle(SolidFiLL,LightRed);{Çàêpàñêà - pîçîâàÿ}
 {Â óçëîâûõ òî÷êàõ ðèñóåì ðîçîâûå ìàëåíüêèå îêðóæíîñòè}
 for i:=0 to n[Nc] do begin
  Xc:=Xscr(X0+round(M[Nc]*aX[i]));
  Yc:=Yscr(Y0+round(M[Nc]*aY[i]));
  pieslice(Xc,Yc,0,360,3);{ðèñîâàíèå è çàêðàñêà ñåêòîðà}
                        end;
 readln;{Âûõîä - íàæàòèåì êëàâèøè Enter}
 CloseGraph;{Ïåpåõîä â òåêñòîâûé påæèì}
                   end;{öèêë êpèâûõ}
END.

ßçûê Ñè

/*èçîáðàæåíèå ýëëèïñà è ñïèðàëè Àðõèìåäà ñ ïîìîùüþ ïàðàìåòðè÷åñêîãî ñïëàéíà*/
#include<graphics.h>
#include<math.h>
#include<conio.h>
#define PI 3.1415926
#define Nmax 50 /* ìàêñèìàëüíîå ÷èñëî óçëîâ */
#define PATH "" /*ôàéëû *.BGI íàõîäÿòñÿ â pàáî÷åì êàòàëîãå*/
int W,H;
double aX[Nmax],aY[Nmax];
int round(double f) /* Îêpóãëåíèå äî áëèæàéøåãî öåëîãî */
{return (int)floor(f+0.5);}
/* Ïåðåõîä îò öåíòðàëüíûõ êîîðäèíàò ê ýêðàííûì */
void WH(int *W, int *H) /* øèðèíà è âûñîòà ýêðàíà */
/* Ôóíêöèè getmaxx è getmaxy âîçâðàùàþò ìàêñèìàëüíûå çíà÷åíèÿ ñîîòâåòñòâóþùèõ ýêðàííûõ êîîðäèíàò */
{*W=getmaxx()+1; *H=getmaxy()+1;}
int Xscr(int x){ return x+W/2;}
int Yscr(int y){ return H/2-y;}
void MomSpline(int n, double *ax, double *ay, double *mom,
              int begT, int endT, double derB, double derE)
{
...
}
double Spline(double *ax, double *ay, double *mom, double x)
{
...
}
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Ïðåäñòàâèì òåïåðü  ïðîöåäóðó
MomSpline(n,aX,aY,Mom,BegT,EndT,DerB,DerE)

è ôóíêöèþ Spline(aX,aY,Mom,x).
Ïðîöåäóðà MomSpline íàõîäèò ìàññèâ ìîìåíòîâ ñïëàéíà Mom íà îñíîâàíèè çàäàííîãî ÷èñëà èíòåðâàëîâ n,

ìàññèâîâ óçëîâ aX è îðäèíàò aY, êîäîâ óñëîâèé íà ëåâîì è ïðàâîì êîíöå BegT,EndT è ïðîèçâîäíûõ â
ãðàíè÷íûõ óçëàõ DerB,DerE. Êîäû ãðàíè÷íûõ óñëîâèé ñëåäóþùèå:
1 � ñâîáîäíûé êîíåö ñ íóëåâûì ìîìåíòîì;
2 � êâàäðàòè÷íûé (ïàðàáîëè÷åñêèé) êîíöåâîé îòðåçîê;
3 � â êîíöåâîì óçëå çàäàíà ïðîèçâîäíàÿ.
Åñëè êîä ãðàíè÷íîãî óñëîâèÿ îòëè÷åí îò 3, òî çíà÷åíèå ïðîèçâîäíîé â ñîîòâåòñòâóþùåì óçëå � ïðîèçâîëüíîå.
Ôóíêöèÿ Spline íàõîäèò çíà÷åíèå ñïëàéíà, çàäàííîãî ìàññèâàìè óçëîâ, îðäèíàò è ìîìåíòîâ, â òî÷êå x.

ßçûê Ïàñêàëü

procedure MomSpline(n:byte; var aX,aY,Mom:tArr;
             begT,EndT:byte; DerB,DerE:double);
{Íàõîæäåíèå ìàññèâà ìîìåíòîâ ñïëàéíà Mom;
 aX,aY - ìàññèâû óçëîâ è îðäèíàò;
 BegT,EndT - êîäû óñëîâèÿ íà ëåâîì è ïðàâîì êîíöå;
 DerB,DerE - ïðîèçâîäíàÿ â ñîîòâåòñòâóþùåì êîíöåâîì óçëå.
 Åñëè êîä ãðàíè÷íîãî óñëîâèÿ îòëè÷åí îò 3, òî çíà÷åíèå ïðîèçâîäíîé - ïðîèçâîëüíîå}
var
I:byte;
h,k,P,Q:tArr;{h,k - ìàññèâû øàãîâ è óãëîâûõ êîýôôèöèåíòîâ.
             P,Q - ìàññèâû ïðîãîíî÷íûõ êîýôôèöèåíòîâ.    }
Z,r,s,u,v:double;{Mom[0]=r*Mom[1]+s; Mom[n-1]=u*Mom[n]+v}
begin
for I:=1 to n do begin
 {Øàã è óãëîâîé êîýôôèöèåíò i-ãî èíòåðâàëà}
 h[I]:=aX[I]-aX[I-1];
 k[I]:=(aY[I]-aY[I-1])/h[I];
                  end;
Case BegT of
1:{Ñâîáîäíûé íà÷. óçåë: íà÷. ìîìåíò=0}
  begin r:=0; s:=0 end;
2:{Êâàäðàòè÷íûé íà÷. îòðåçîê: Mom[0]=Mom[1]}
  begin r:=1; s:=0 end;
3:{Â íà÷. óçëå çàäàíà ïðîèçâîäíàÿ DerB}
  begin r:=-0.5; s:=3*(k[1]-DerB)/h[1] end;
end;{Case BegT}
Case EndT of
1:{Ñâîáîäíûé êîí. óçåë: êîí. ìîìåíò=0}
  begin u:=0; v:=0 end;
2:{Êâàäðàòè÷íûé êîí. îòðåçîê: Mom[n-1]=Mom[n]}
  begin u:=1; v:=0 end;
3:{Â êîí. óçëå çàäàíà ïðîèçâîäíàÿ DerE}
  begin u:=-2; v:=6*(DerE-k[n])/h[n]; end;
end;{Case EndT}
P[1]:=r; Q[1]:=s;
for I:=1 to n-1 do begin{Ïðÿìîé õîä ïðîãîíêè}
Z:=h[I]*P[I]+2*(h[I]+h[I+1]);
P[I+1]:=-h[I+1]/Z;
Q[I+1]:=(6*(k[I+1]-k[I])-h[I]*Q[I])/Z;
                    end;{Ïðÿìîé õîä ïðîãîíêè}
Mom[n]:=(Q[n]-v)/(u-P[n]);{Ìîìåíò íà ïðàâîì êîíöå}
{Îáðàòíûé õîä ïðîãîíêè - îïpåäåëåíèå ìîìåíòîâ}
For I:=n-1 downto 0 do
Mom[I]:=P[I+1]*Mom[I+1]+Q[I+1];
end;{MomSpline}

function Spline(var aX,aY,Mom:tArr; x:double):double;
{Íàõîæäåíèå çíà÷åíèÿ ñïëàéíà â òî÷êå x, ëåæàùåé âíóòpè ïpîìåæóòêà aX[0],aX[n]. Ñïëàéí
çàäàí ìàññèâàìè óçëîâ aX, îðäèíàò aY, ìîìåíòîâ Mom}
var
I:byte;
h,h1,h2,a3,b3,a1,b1:double;
begin
{Ïîèñê èíòåpâàëà, ñîäåpæàùåãî òî÷êó x}
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 FOR j% = 1 TO Nstep% 'Öèêë øàãîâ èíòåðâàëà
  t# = aAcCh#(i% - 1) + aChord#(i%) / Nstep% * j% 'Ïàðàìåòð
  'Êîîðäèíàòû î÷åðåäíîé òî÷êè êðèâîé
  X# = Spline(aAcCh#(), aX#(), MomX#(), t#)
  Y# = Spline(aAcCh#(), aY#(), MomY#(), t#)
  'Ýêðàííûå êîîðäèíàòû î÷åðåäíîé òî÷êè êðèâîé
  Xe% = Xscr%(X0% + Round%(M# * X#))
  Ye% = Yscr%(Y0% + Round%(M# * Y#))
  'Ñîåäèíÿåì ïðåäûäóùóþ è î÷åðåäíóþ òî÷êè
  LINE (Xb%, Yb%)-(Xe%, Ye%), ColorC%
  'Î÷åðåäíàÿ òî÷êà ñòàíîâèòñÿ ïðåäûäóùåé
  Xb% = Xe%: Yb% = Ye%
 NEXT j%              'Öèêë øàãîâ èíòåðâàëà
NEXT i%          'Öèêë ó÷àñòêîâ êðèâîé
END SUB

×òîáû ïðîâåðèòü ðàáîòó ýòîé ïðîöåäóðû, ñîñòàâèì ïðîãðàììó, èçîáðàæàþùóþ ñ ïîìîùüþ ïàðàìåòðè÷åñêèõ
ñïëàéíîâ äâå êðèâûå: ýëëèïñ è ñïèðàëü Àðõèìåäà. Èñïîëüçóÿ èçâåñòíûå óðàâíåíèÿ ýòèõ êðèâûõ, âû÷èñëèì êîîð-
äèíàòû ìàññèâà òî÷åê, ïîñëå ÷åãî, îáðàùàÿñü ê ïðîöåäóðå Curve, ïðîâåäåì íà ýêðàíå ñàìè êðèâûå. Íà ýêðàí
âûâåäåì è âû÷èñëåííûé ìàññèâ òî÷åê � ýòî ïîìîæåò îöåíèòü êà÷åñòâî èçîáðàæåíèÿ êðèâûõ. Êàêèå ãðàíè÷íûå
óñëîâèÿ ìû èñïîëüçóåì? Â êà÷åñòâå ïåðâîé è ïîñëåäíåé òî÷êè ýëëèïñà èñïîëüçóåì åãî íèæíþþ òî÷êó, ãäå
êàñàòåëüíàÿ ãîðèçîíòàëüíà. Ïîýòîìó îáà ãðàíè÷íûõ óñëîâèÿ ýëëèïñà èìåþò êîä 3. À äëÿ ñïèðàëè Àðõèìåäà îáà
ãðàíè÷íûõ óñëîâèÿ ýëëèïñà èìåþò êîä 2 � íè÷åãî äðóãîãî î ãðàíè÷íûõ óñëîâèÿõ ìû ñêàçàòü íå ìîæåì.

Ïðèâîäèì ïðîãðàììû:

ßçûê Ïàñêàëü

{èçîáðàæåíèå ýëëèïñà è ñïèðàëè Àðõèìåäà ñ ïîìîùüþ ïàðàìåòðè÷åñêîãî ñïëàéíà}
uses GRAPH,CRT;
const
Nmax=50;{Ìàêñèìàëüíîå ÷èñëî èíòåðâàëîâ}
PATH='';{ôàéëû *.BGI íàõîäÿòñÿ â pàáî÷åì êàòàëîãå}
type
tArr=array[0..Nmax] of double;
tArr2=array[1..2] of byte;
const {Ïàðàìåòðû äëÿ êàæäîé êðèâîé}
n:tArr2=(12,21);{÷èñëî èíòåðâàëîâ}
Tb:tArr2=(3,2);{Êîä íà÷àëüíîãî óñëîâèÿ}
Te:tArr2=(3,2);{Êîä êîíå÷íîãî óñëîâèÿ}
M:array[1..2] of double=(1.5,1);{Ìàñøòàá}
Var
Xc,Yc,X0,Y0,W,H,gd,gm:integer;
Nc,i:byte;
aX,aY:tArr;
procedure Points(Ncurve:byte; n:byte; var aX,aY:tarr);
{Äëÿ ýëëèïñà è ñïèðàëè Àðõèìåäà íàõîäÿòñÿ ìàññèâû óçëîâ è îðäèíàò aX,aY}
var i:byte; a,b,Angle0,Angle:double;
begin
Case Ncurve of
1: begin{ýëëèïñ}
  a:=150; b:=100;{ïîëóîñè}
Angle0:=270;
for i:=0 to n do begin
 Angle:=Angle0+360/n*i;
 aX[i]:=a*cos(Angle/180*Pi);
 aY[i]:=b*sin(Angle/180*Pi);
                   end;
    end;{ýëëèïñ}
2: {ñïèðàëü Àðõèìåäà}
for i:=0 to n do begin
Angle:=630/n*i;
aX[i]:=Angle/4*cos(Angle/180*Pi);
aY[i]:=Angle/4*sin(Angle/180*Pi);
                  end;
end;{Case}
end;{Points}
procedure MomSpline(n:byte; var aX,aY,Mom:tArr;
...
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i:=1; while not ((aX[I-1]<=x) and (x<=aX[I])) do Inc(I);
{Âû÷èñëåíèå çíà÷åíèÿ ñïëàéíà}
h:=aX[I]-aX[I-1];
h1:=aX[I]-x; h2:=x-aX[I-1];
a3:=Mom[I-1]/(6*h); b3:=Mom[I]/(6*h);
a1:=aY[I-1]/h-Mom[I-1]*h/6;
b1:=aY[I]/h-Mom[I]*h/6;
Spline:=a3*h1*h1*h1+b3*h2*h2*h2+a1*h1+b1*h2;
end;{Spline}

ßçûê Ñè

void MomSpline(int n, double *ax, double *ay, double *mom,
             int begT, int endT, double derB, double derE)
/* Íàõîæäåíèå ìàññèâà ìîìåíòîâ ñïëàéíà Mom;
   ax,ay - ìàññèâû óçëîâ è îðäèíàò;
   begT,endT - êîäû óñëîâèÿ íà ëåâîì è ïðàâîì êîíöå;
   derB,derE - ïðîèçâîäíàÿ â ñîîòâåòñòâóþùåì êîíöåâîì óçëå.
 Åñëè êîä ãðàíè÷íîãî óñëîâèÿ îòëè÷åí îò 3, òî çíà÷åíèå ïðîèçâîäíîé - ïðîèçâîëüíîå */
{int i; double h[Nmax],k[Nmax],P[Nmax],Q[Nmax];
 /* h,k - ìàññèâû øàãîâ è óãëîâûõ êîýôôèöèåíòîâ
    P,Q - ìàññèâû ïðîãîíî÷íûõ êîýôôèöèåíòîâ */
 double Z,r,s,u,v;
 /*mom[0]=r*mom[1]+s; mom[n-1]=u*mom[n]+v*/
 for (i=1; i<=n; i++)
  /* Øàã è óãëîâîé êîýôôèöèåíò i-ãî èíòåðâàëà */
  {h[i]=ax[i]-ax[i-1];
   k[i]=(ay[i]-ay[i-1])/h[i];
  }
  switch(begT)
  {case 1: /* Ñâîáîäíûé íà÷. óçåë: íà÷. ìîìåíò=0 */
   r=0; s=0; break;
   case 2: /* Êâàäðàòè÷íûé íà÷. îòðåçîê: Mom[0]=Mom[1] */
   r=1; s=0; break;
   case 3: /* Â íà÷. óçëå çàäàíà ïðîèçâîäíàÿ derB */
   r=-0.5; s=3*(k[1]-derB)/h[1]; break;
  }
  switch(endT)
  {case 1: /* Ñâîáîäíûé êîí. óçåë: êîí. ìîìåíò=0 */
   u=0; v=0; break;
   case 2: /* Êâàäðàòè÷íûé êîí. îòðåçîê: mom[n-1]=mom[n] */
   u=1; v=0; break;
   case 3: /* Â êîí. óçëå çàäàíà ïðîèçâîäíàÿ derE */
   u=-2; v=6*(derE-k[n])/h[n]; break;
  }
  P[1]=r;   Q[1]=s;
  for (i=1; i<n; i++) /* Ïðÿìîé õîä ïðîãîíêè */
   {Z=h[i]*P[i]+2*(h[i]+h[i+1]);
    P[i+1]=-h[i+1]/Z;
    Q[i+1]=(6*(k[i+1]-k[i])-h[i]*Q[i])/Z;
   }                  /* Ïðÿìîé õîä ïðîãîíêè */
  mom[n]=(Q[n]-v)/(u-P[n]); /*Ìîìåíò íà ïðàâîì êîíöå*/
  /*Îáðàòíûé õîä ïðîãîíêè - îïpåäåëåíèå ìîìåíòîâ*/
  for (i=n-1; i>=0; i�) mom[i]=P[i+1]*mom[i+1]+Q[i+1];
}

double Spline(double *ax, double *ay, double *mom, double x)
/* Íàõîæäåíèå çíà÷åíèÿ ñïëàéíà â òî÷êå x, ëåæàùåé âíóòpè ïpîìåæóòêà ax[0],ay[n].
Ñïëàéí çàäàí ìàññèâàìè óçëîâ ax, îðäèíàò ay, ìîìåíòîâ mom  */
{int i; double h,h1,h2,a3,b3,a1,b1;
 /* Ïîèñê èíòåpâàëà, ñîäåpæàùåãî òî÷êó x */
 i=1; while (! ( ax[i-1]<=x && x<=ax[i])) i++;
 /* Âû÷èñëåíèå çíà÷åíèÿ ñïëàéíà */
 h=ax[i]-ax[i-1];
 h1=ax[i]-x; h2=x-ax[i-1];
 a3=mom[i-1]/(6*h); b3=mom[i]/(6*h);
 a1=ay[i-1]/h-mom[i-1]*h/6;
 b1=ay[i]/h-mom[i]*h/6;
 return a3*h1*h1*h1+b3*h2*h2*h2+a1*h1+b1*h2;
}
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 Xb=Xscr(X0+round(M*aX[0]));
 Yb=Yscr(Y0+round(M*aY[0]));
 for (i=1; i<=N; i++) /*Öèêë ó÷àñòêîâ êðèâîé*/
 for (j=1; j<=NStep; j++)/*Öèêë øàãîâ èíòåðâàëà*/
  {t=aAcCh[i-1]+aChord[i]/NStep*j;/*Ïàðàìåòð*/
  X=Spline(aAcCh,aX,MomX,t);/*Êîîðäèíàòû î÷åðåäíîé*/
  Y=Spline(aAcCh,aY,MomY,t);/*òî÷êè êðèâîé*/
  Xe=Xscr(X0+round(M*X));/*Ýêðàííûå êîîðäèíàòû*/
  Ye=Yscr(Y0+round(M*Y));/*î÷åðåäíîé òî÷êè êðèâîé*/
  line(Xb,Yb,Xe,Ye);/*Ñîåäèíÿåì ïðåäûäóùóþ è î÷åðåäíóþ òî÷êè*/
  Xb=Xe; Yb=Ye; /*Î÷åðåäíàÿ òî÷êà ñòàíîâèòñÿ ïðåäûäóùåé*/
  }                      /*Öèêë øàãîâ èíòåðâàëà*/
}

ßçûê Áåéñèê

SUB Curve (aX#(), aY#(), M#, Param%())
'Ñ ïîìîùüþ ïàðàìåòðè÷åñêîãî ñïëàéíà ñòðîèòñÿ íà ýêðàíå êðèâàÿ ïî âõîäíûì âåëè÷èíàì:
'aX,AY - êîîðäèíàòû óçëîâûõ òî÷åê
'M - ìàñøòàá;
'Ýëåìåíòàìè ìàññèâà Param ÿâëÿþòñÿ:
'X0,Y0 - öåíòðàëüíûå êîîðäèíàòû òî÷êè ïpèâÿçêè;
'N - ÷èñëî èíòåðâàëîâ;
'Tb,Te - êîäû ãðàíè÷íûõ óñëîâèé; ColorC - öâåò êpèâîé.
DIM X0%, Y0%, n%, Tb%, Te%, ColorC%
Nstep% = 10 '×èñëî øàãîâ íà èíòåðâàëå
X0% = Param%(1): Y0% = Param%(2): n% = Param%(3)
Tb% = Param%(4): Te% = Param%(5): ColorC% = Param%(6)
DIM aChord#(1 TO n%)
DIM aAcCh#(0 TO n%), MomX#(0 TO n%), MomY#(0 TO n%)
DIM DerX#(1 TO 2), DerY#(1 TO 2), X#, Y#, t#, dx#, dy#
DIM BCx%(1 TO 2), BCy%(1 TO 2), Xb%, Xe%, Yb%, Ye%, j%, i%
aAcCh#(0) = 0 'Íàêîïëåííàÿ õîpäà â íà÷. òî÷êå
'Âû÷èñëåíèå ìàññèâîâ õîpä aChord  è íàêîïëåííûõ õîpä aAcCh
FOR i% = 1 TO n%
 dx# = aX#(i%) - aX#(i% - 1): dy# = aY#(i%) - aY#(i% - 1)
 aChord#(i%) = SQR(dx# * dx# + dy# * dy#)
 aAcCh#(i%) = aAcCh#(i% - 1) + aChord#(i%)
NEXT i%
'Ïðîèçâîäíûå x ïî ïàðàìåòðó â ãðàíè÷íûõ òî÷êàõ - êîñèíóñû óãëà íàêëîíà õîðäû
DerX#(1) = (aX#(1) - aX#(0)) / aChord#(1)
DerX#(2) = (aX#(n%) - aX#(n% - 1)) / aChord#(n%)
BCx%(1) = 3: BCx%(2) = 3 'ãpàí. óñëîâèÿ X-ñïëàéíà
SELECT CASE Tb%
 CASE 1 'Íà÷. ó÷àñòîê - ïpÿìàÿ ëèíèÿ
  BCy%(1) = 3
  DerY#(1) = (aY#(1) - aY#(0)) / aChord#(1)
 CASE 2 'Ïàpàáîëè÷åñêèé íà÷. ó÷àñòîê
  BCy%(1) = 2
 CASE 3 'Ãîpèçîíòàëüíàÿ êàñàòåëüíàÿ
  BCy%(1) = 3: DerY#(1) = 0
END SELECT
SELECT CASE Te%
 CASE 1 'Êîí. ó÷àñòîê - ïpÿìàÿ ëèíèÿ
  BCy%(2) = 3
  DerY#(2) = (aY#(n%) - aY#(n% - 1)) / aChord#(n%)
 CASE 2 'Ïàpàáîëè÷åñêèé êîí. ó÷àñòîê
  BCy%(2) = 2
 CASE 3 'Ãîpèçîíòàëüíàÿ êàñàòåëüíàÿ
  BCy%(2) = 3: DerY#(2) = 0
END SELECT
'Ìîìåíòû ñïëàéíà àáñöèññ
CALL MomSpline(n%, aAcCh#(), aX#(), MomX#(), BCx%(), DerX#())
'Ìîìåíòû ñïëàéíà îðäèíàò
CALL MomSpline(n%, aAcCh#(), aY#(), MomY#(), BCy%(), DerY#())
'Ýêðàííûå êîîðäèíàòû íà÷àëüíîé òî÷êè
Xb% = Xscr%(X0% + Round%(M# * aX#(0)))
Yb% = Yscr%(Y0% + Round%(M# * aY#(0)))
FOR i% = 1 TO n% 'Öèêë ó÷àñòêîâ êðèâîé
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ßçûê Áåéñèê

SUB MomSpline (n%, aX#(), aY#(), Mom#(), BC%(), Der#())
'Íàõîæäåíèå ìîìåíòîâ ñïëàéíà Mom.
'n% - ÷èñëî èíòåpâàëîâ;
'aX,aY - ìàññèâû óçëîâ è îðäèíàò;
'BC%(1 TO 2) - êîäû óñëîâèÿ íà êîíöàõ;
'Der#(1 TO 2) - ïðîèçâîäíûå â êîíöåâûõ óçëàõ.
'Åñëè êîä ãðàíè÷íîãî óñëîâèÿ îòëè÷åí îò 3, òî çíà÷åíèå ïðîèçâîäíîé - ïðîèçâîëüíîå
DIM i AS INTEGER, Z#, r#, S#, u#, v#
DIM BegT%, EndT%, DerB#, DerE#
DIM Q#(1 TO n%), k#(1 TO n%), P#(1 TO n%), H#(1 TO n%)
'h,k - ìàññèâû øàãîâ è óãëîâûõ êîýôôèöèåíòîâ
'P,Q - ìàññèâû ïðîãîíî÷íûõ êîýôôèöèåíòîâ
BegT% = BC%(1): EndT% = BC%(2)
DerB# = Der#(1): DerE# = Der#(2)
FOR i = 1 TO n%
'Øàã è óãëîâîé êîýôôèöèåíò íà i-ì èíòåðâàëå
 H#(i) = aX#(i) - aX#(i - 1)
 k#(i) = (aY#(i) - aY#(i - 1)) / H#(i)
NEXT i
SELECT CASE BegT%
CASE 1 'Ñâîáîäíûé íà÷. óçåë: íà÷. ìîìåíò=0
r# = 0: S# = 0
CASE 2 'Êâàäðàòè÷íûé íà÷. îòðåçîê: mom[0]=mom[1]
r# = 1: S# = 0
CASE 3 'Â íà÷. óçëå çàäàíà ïðîèçâîäíàÿ derB
r# = -.5: S# = 3 * (k#(1) - DerB#) / H#(1)
END SELECT
SELECT CASE EndT%
CASE 1 'Ñâîáîäíûé êîí. óçåë: êîí. ìîìåíò=0
u# = 0: v# = 0
CASE 2 'Êâàäðàòè÷íûé êîí. îòðåçîê: mom[n-1]=mom[n]
u# = 1: v# = 0
CASE 3 'Â êîí. óçëå çàäàíà ïðîèçâîäíàÿ derE
u# = -2: v# = 6 * (DerE# - k#(n%)) / H#(n%)
END SELECT
P#(1) = r#: Q#(1) = S#
FOR i = 1 TO n% - 1 'Ïðÿìîé õîä ïðîãîíêè
 Z# = H#(i) * P#(i) + 2 * (H#(i) + H#(i + 1))
 P#(i + 1) = -H#(i + 1) / Z#
 Q#(i + 1) = (6 * (k#(i + 1) - k#(i)) - H#(i) * Q#(i)) / Z#
NEXT i              'Ïðÿìîé õîä ïðîãîíêè
'Ìîìåíò íà ïðàâîì êîíöå
Mom#(n%) = (Q#(n%) - v#) / (u# - P#(n%))
'Îáðàòíûé õîä ïðîãîíêè - îïpåäåëåíèå ìîìåíòîâ
FOR i = n% - 1 TO 0 STEP -1
 Mom#(i) = P#(i + 1) * Mom#(i + 1) + Q#(i + 1)
NEXT i
END SUB

FUNCTION Spline# (aX#(), aY#(), Mom#(), X#)
'Íàõîæäåíèå çíà÷åíèÿ ñïëàéíà â òî÷êå x, ëåæàùåé âíóòpè
'ïpîìåæóòêà  aX(0),aX(n). Ñïëàéí çàäàí ìàññèâàìè óçëîâ aX,
'îðäèíàò aY, ìîìåíòîâ Mom.
DIM i AS INTEGER, H AS DOUBLE, h1 AS DOUBLE, h2 AS DOUBLE
DIM a1 AS DOUBLE, a3 AS DOUBLE, b1 AS DOUBLE, b3 AS DOUBLE
'ïîèñê èíòåpâàëà, ñîäåpæàùåãî òî÷êó x
i = 1
DO WHILE NOT (aX#(i - 1) <= X# AND X# <= aX#(i))
i = i + 1
LOOP
H = aX#(i) - aX#(i - 1)
h1 = aX#(i) - X#: h2 = X# - aX#(i - 1)
a3 = Mom#(i - 1) / (6 * H): b3 = Mom#(i) / (6 * H)
a1 = aY#(i - 1) / H - Mom#(i - 1) * H / 6
b1 = aY#(i) / H - Mom#(i) * H / 6
h13# = h1 * h1 * h1: h23# = h2 * h2 * h2
Spline = a3 * h13# + b3 * h23# + a1 * h1 + b1 * h2
END FUNCTION
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    DerEy:=(aY[N]-aY[N-1])/aChord[N];{sin óãëà íàêëîíà õîðäû}
    end;{Êîí. ó÷àñòîê - ïpÿìàÿ ëèíèÿ}
 2: EndTy:=2;{Ïàpàáîëè÷åñêèé êîí. ó÷àñòîê}
 3: begin{Ãîpèçîíòàëüíàÿ êàñàòåëüíàÿ â êîí. òî÷êå}
     EndTy:=3; DerEy:=0
     end;{Ãîpèçîíòàëüíàÿ êàñàòåëüíàÿ â êîí. òî÷êå}
end;{Case}
{Ìîìåíòû ñïëàéíà àáñöèññ}
MomSpline(N,aAcCh,aX,MomX,3,3,DerBx,DerEx);
{Ìîìåíòû ñïëàéíà îðäèíàò}
MomSpline(N,aAcCh,aY,MomY,BegTy,EndTy,DerBy,DerEy);
{Ýêðàííûå êîîðäèíàòû íà÷àëüíîé òî÷êè}
Xb:=Xscr(X0+round(M*aX[0]));
Yb:=Yscr(Y0+round(M*aY[0]));
for i:=1 to N do {Öèêë ó÷àñòêîâ êðèâîé}
 for j:=1 to Nstep do begin{Öèêë øàãîâ èíòåðâàëà}
  t:=aAcCh[i-1]+aChord[i]/Nstep*j;{Ïàðàìåòð}
  X:=Spline(aAcCh,aX,MomX,t);{Êîîðäèíàòû î÷åðåäíîé}
  Y:=Spline(aAcCh,aY,MomY,t);{òî÷êè êðèâîé        }
  Xe:=Xscr(X0+round(M*X));{Ýêðàííûå êîîðäèíàòû   }
  Ye:=Yscr(Y0+round(M*Y));{î÷åðåäíîé òî÷êè êðèâîé}
  line(Xb,Yb,Xe,Ye);{Ñîåäèíÿåì ïðåäûäóùóþ è î÷åðåäíóþ òî÷êè}
  Xb:=Xe; Yb:=Ye; {Î÷åðåäíàÿ òî÷êà ñòàíîâèòñÿ ïðåäûäóùåé}
                       end;{Öèêë øàãîâ èíòåðâàëà}
end;{Curve}

ßçûê Ñè

void Curve (int X0,int Y0, double M, int N, int Tb, int Te)
/* Ñ ïîìîùüþ ïàðàìåòðè÷åñêîãî ñïëàéíà ñòðîèòñÿ íà ýêðàíå êðèâàÿ ïî âõîäíûì âåëè÷èíàì:
   X0,Y0 - öåíòðàëüíûå êîîðäèíàòû íà÷àëà êîîðäèíàò;
   M - ìàñøòàá; N - ÷èñëî èíòåðâàëîâ;
   aX,AY - ìàññèâû óçëîâ è îðäèíàò;
   Tb,Te - êîäû ãðàíè÷íûõ óñëîâèé.   */
{double aChord[Nmax],aAcCh[Nmax],MomX[Nmax],MomY[Nmax];
 double X,Y,t,DerBx,DerEx,DerBy,DerEy,dx,dy;
 int NStep=10,Xb,Xe,Yb,Ye,i,j,BegTy,EndTy;
 aAcCh[0]=0;/*Íàêîïëåííàÿ õîpäà â íà÷. òî÷êå*/
 /*Âû÷èñëåíèå ìàññèâîâ õîpä aChord  è íàêîïëåííûõ õîpä aAcCh*/
 for (i=1; i<=N; i++)
  {dx=aX[i]-aX[i-1]; dy=aY[i]-aY[i-1];
   aChord[i]=sqrt(dx*dx+dy*dy);
   aAcCh[i]=aAcCh[i-1]+aChord[i];
  }
 /*Ïðîèçâîäíûå x ïî ïàðàìåòðó â ãðàíè÷íûõ òî÷êàõ - êîñèíóñû óãëà íàêëîíà õîðäû */
 DerBx=(aX[1]-aX[0])/aChord[1];
 DerEx=(aX[N]-aX[N-1])/aChord[N];
 switch(Tb)
 {case 1:/* Íà÷. ó÷àñòîê - ïpÿìàÿ ëèíèÿ*/
   BegTy=3;
   DerBy=(aY[1]-aY[0])/aChord[1];/*sin óãëà íàêëîíà õîðäû*/
   break;
  case 2: BegTy=2; break;/*Ïàpàáîëè÷åñêèé íà÷. ó÷àñòîê*/
  case 3:/*Ãîpèçîíòàëüíàÿ êàñàòåëüíàÿ â íà÷. òî÷êå*/
   BegTy=3; DerBy=0; break;
 }
 switch(Te)
 {case 1:/* Êîí. ó÷àñòîê - ïpÿìàÿ ëèíèÿ*/
   EndTy=3;
   DerEy=(aY[N]-aY[N-1])/aChord[N];/*sin óãëà íàêëîíà õîðäû*/
   break;
  case 2: EndTy=2; break;/*Ïàpàáîëè÷åñêèé êîí. ó÷àñòîê*/
  case 3:/*Ãîpèçîíòàëüíàÿ êàñàòåëüíàÿ â êîí. òî÷êå*/
   EndTy=3; DerEy=0; break;
 }
 /*Ìîìåíòû ñïëàéíà àáñöèññ*/
 MomSpline(N,aAcCh,aX,MomX,3,3,DerBx,DerEx);
 /*Ìîìåíòû ñïëàéíà îðäèíàò*/
 MomSpline(N,aAcCh,aY,MomY,BegTy,EndTy,DerBy,DerEy);
 /*Ýêðàííûå êîîðäèíàòû íà÷àëüíîé òî÷êè*/
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4. Çà÷åì íóæíû ñïëàéíû
Êàçàëîñü áû, ìû âûÿñíèëè âñå âîïðîñû, êàñàþùèåñÿ ñïëàéíîâ, íî îñòàëñÿ îäèí, è âåñüìà ñóùåñòâåííûé:

çà÷åì îíè íóæíû? Îòâåò ïîäñêàçûâàåòñÿ óæå çàãëàâèåì ñòàòüè � ñïëàéíû èñïîëüçóþòñÿ äëÿ ðåøåíèÿ çàäà÷
èíòåðïîëÿöèè. Åñëè ñïëàéí ïîñòðîåí ñî çíà÷åíèÿìè ôóíêöèè F(x), ò.å. îðäèíàòû y

i 
= F(x

i
) ïðè i = 0, 1, ..., n,

òî îí ÿâëÿåòñÿ èíòåðïîëÿöèîííûì äëÿ ôóíêöèè F(x). Åñòåñòâåííî îæèäàòü, ÷òî ïðè äîñòàòî÷íîì ÷èñëå óçëîâ
èíòåðïîëÿöèîííûé ñïëàéí áóäåò õîðîøî àïïðîêñèìèðîâàòü ïîðîæäàþùóþ åãî ôóíêöèþ, îäíàêî (êàê è â
ñëó÷àå ñ èíòåðïîëÿöèîííûìè ìíîãî÷ëåíàìè Ëàãðàíæà) ýòî ïðåäïîëîæåíèå, ãèïîòåçà.

Îïÿòü âûïîëíèì èññëåäîâàíèå êà÷åñòâà àïïðîêñèìàöèè ôóíêöèé ñîîòâåòñòâóþùèìè èíòåðïîëÿöèîííûìè
ñïëàéíàìè. Ïðîâåðÿòü áóäåì òå æå ôóíêöèè, ÷òî è â ðàçäåëå 1, äëÿ ÷åãî ñîñòàâèì àíàëîãè÷íûå ïðîãðàììû.
Çíà÷åíèÿ ôóíêöèè è èíòåðïîëÿöèîííîãî ñïëàéíà áóäåì âû÷èñëÿòü òîëüêî ïîñðåäèíå ìåæäó óçëàìè. Äîïîëíè-
òåëüíî áóäåì íàõîäèòü ïðîöåíò îòêëîíåíèÿ çíà÷åíèé ôóíêöèè è èíòåðïîëÿöèîííîãî ñïëàéíà.

Äëÿ ñïëàéíîâ íàäî âûáðàòü òèï ãðàíè÷íûõ óñëîâèé. Ïðîèçâîäíûå âûáðàííûõ íàìè ôóíêöèé ëåãêî íàõîäÿòñÿ:

à)  exp exp′ =x x ;

á) Ïðîèçâîäíàÿ ôóíêöèè (1) èìååò âèä:

F R(x) = 
200

1 100 2
x

x+
.

Ïîýòîìó äëÿ îáåèõ ôóíêöèé íà êàæäîì êîíöå èñïîëüçóåì ãðàíè÷íîå óñëîâèå 3.
Ïðèâåäåì óêàçàííûå ïðîãðàììû:

ßçûê Ïàñêàëü

{Ïðîãðàììà òåñòèðîâàíèÿ èíòåðïîëÿöèîííûõ ñïëàéíîâ}
const Nmax=50;{Ìàêñèìàëüíîå ÷èñëî èíòåðâàëîâ}
type
tArr=array[0..Nmax] of double;
tArr2=array[1..2] of double;
const
NameF:array[1..2] of string[50]=(
'       1. F(x)=exp(x)',
'       2. F(x)=ln(1+100*x*x)');
n:byte=8;{×èñëî èíòåðâàëîâ}
Xmin:tArr2=(0,-1); Xmax:tArr2=(2,1); {Ãðàíè÷íûå óçëû}
var
i,NF:byte; DerB,DerE:double;
aX,aY,Mom:tArr;
Der:array[1..2] of tArr2;{ìàòpèöà ïðîèçâîäíûõ â ãpàí. óçëàõ}
h,Xout,Yout,YSpline,dY:double;
Fout:text;
procedure MomSpline(n:byte; var aX,aY,Mom:tArr;
             begT,EndT:byte; DerB,DerE:double);
...
end;{MomSpline}
function Spline(var aX,aY,Mom:tArr; x:double):double;
...
end;{Spline}
function F(NF:byte; x:double):double;
{Ôóíêöèè, äëÿ êîòîpûõ íàõîäÿòñÿ èíòåpïîëÿöèîííûå ñïëàéíû}
begin
Case NF of
1: F:=exp(x);
2: F:=ln(1+100*x*x);
end;{Case NF}
end;{F}
Procedure BoundDer(NF:byte);
{Ïpîèçâîäíûå â ãpàíè÷íûõ òî÷êàõ}
begin
Case NF of
1: begin
   Der[1][1]:=exp(Xmin[1]); Der[1][2]:=exp(Xmax[1]);
   end;
2: begin
   Der[2][1]:=200*Xmin[2]/(1+100*sqr(Xmin[2]));
   Der[2][2]:=200*Xmax[2]/(1+100*sqr(Xmax[2]));
   end;

20

� è îïÿòü-òàêè ìîæíî èñïîëüçîâàòü  ãðàíè÷íîå óñëîâèå 3. Â îñòàëüíûõ ñëó÷àÿõ äëÿ Y-ñïëàéíà ïðèäåòñÿ
èñïîëüçîâàòü  ãðàíè÷íîå óñëîâèå 2 � êâàäðàòè÷íîñòü ãðàíè÷íîãî ó÷àñòêà.

Ñåé÷àñ ìû ïðèâåäåì òåêñòû ïðîöåäóðû Curve, êîòîðàÿ ñ ïîìîùüþ ïàðàìåòðè÷åñêîãî ñïëàéíà ñòðîèò íà
ýêðàíå êðèâóþ. Ïðåæäå ÷åì ïåðåéòè ê èñõîäíûì äàííûì ýòîé ïðîöåäóðû, êîñíåìñÿ âîïðîñà î ñèñòåìàõ
êîîðäèíàò, ïðèìåíÿåìûõ â ãðàôè÷åñêèõ ïðîãðàììàõ. Êàê èçâåñòíî, ïîëîæåíèå ïèêñåëÿ íà ýêðàíå õàðàêòåðè-
çóåòñÿ ýêðàííîé ñèñòåìîé êîîðäèíàò: íà÷àëî êîîðäèíàò ðàñïîëîæåíî â ëåâîì âåðõíåì óãëó ýêðàíà, îñü X
íàïðàâëåíà âïðàâî, îñü Y � ñâåðõó âíèç. Ìû áóäåì òàêæå èñïîëüçîâàòü öåíòðàëüíóþ ñèñòåìó êîîðäèíàò:
íà÷àëî êîîðäèíàò ðàñïîëîæåíî â öåíòðå ýêðàíà, îñü X íàïðàâëåíà âïðàâî, îñü Y � ââåðõ (ñì. [5]).

Âåðíåìñÿ ê èñõîäíûì äàííûì ïðîöåäóðû Curve. Îíè âêëþ÷àþò:
� ×èñëî èíòåðâàëîâ N.
� Ìàññèâû êîîðäèíàò çàäàííûõ òî÷åê aX,aY. Ïðè ýòîì èìååòñÿ â âèäó ïðîèçâîëüíàÿ ñèñòåìà êîîðäèíàò, â

êîòîðîé ðàáîòàåò ïîëüçîâàòåëü.
� Öåíòðàëüíûå êîîðäèíàòû òî÷êè ïpèâÿçêè X0,Y0. Ïîä �òî÷êîé ïpèâÿçêè� ïîäðàçóìåâàåòñÿ  òî÷êà íà

ýêðàíå, ñîîòâåòñòâóþùàÿ íà÷àëó ïîëüçîâàòåëüñêîé ñèñòåìû êîîðäèíàò.
� Ìàñøòàá  M, ò.å. êîëè÷åñòâî ïèêñåëåé â åäèíèöå äëèíû ïîëüçîâàòåëÿ.
� Êîäû ãðàíè÷íûõ óñëîâèé Tb,Te. Ïîä÷åðêíåì âî èçáåæàíèå íåäîðàçóìåíèé, ÷òî ýòè êîäû îòëè÷àþòñÿ  îò

êîäîâ ãðàíè÷íûõ óñëîâèé, èñïîëüçóåìûõ â ïðîöåäóðå  MomSpline. (Òàì îíè èìåþò îáîçíà÷åíèÿ  BegT,
EndT. ) Çäåñü çíà÷åíèÿ êîäîâ ñëåäóþùèå:

1. Ãðàíè÷íûé ó÷àñòîê ÿâëÿåòñÿ ïðÿìîëèíåéíûì îòðåçêîì.
2. Ãðàíè÷íûé ó÷àñòîê � ïàðàáîëè÷åñêèé (êâàäðàòè÷íûé).
3. Êàñàòåëüíàÿ â ãðàíè÷íîé òî÷êå ãîðèçîíòàëüíà.
×èòàòåëü ìîæåò âîçðàçèòü, ÷òî, êàê ïîêàçàíî âûøå, ìîæíî áûëî áû îõâàòèòü è ñëó÷àé íàêëîííîé êàñàòåëü-

íîé, è áóäåò ñîâåðøåííî ïðàâ.  Ïðîñòî íà ïðàêòèêå ïðè ïðîâåäåíèè êðèâûõ ÷åðåç òî÷êè î çíà÷åíèÿõ íàêëîíà
êàñàòåëüíûõ (ò.å. î ïðîèçâîäíûõ) îáû÷íî íè÷åãî íå èçâåñòíî. Èñêëþ÷åíèå ñîñòàâëÿþò çàìêíóòûå êðèâûå, ó
êîòîðûõ íà÷àëüíàÿ (îíà æå êîíå÷íàÿ) òî÷êà ñàìàÿ âåðõíÿÿ èëè ñàìàÿ íèæíÿÿ; òîãäà êàñàòåëüíàÿ â íåé
çàâåäîìî ãîðèçîíòàëüíà.  Ïîýòîìó ìû è îãðàíè÷èëèñü ñëó÷àåì ãîðèçîíòàëüíîé êàñàòåëüíîé. Ïðè æåëàíèè
ìîæíî ìîäèôèöèðîâàòü ïðèâîäèìûå ïðîöåäóðû òàê, ÷òîáû ó÷åñòü îáùèé ñëó÷àé.

ßçûê Ïàñêàëü

procedure Curve(var Ax,aY:tArr; X0,Y0:integer;
                M:double; N:byte; Tb,Te:byte);
{Ñ ïîìîùüþ ïàðàìåòðè÷åñêîãî ñïëàéíà ñòðîèòñÿ íà ýêðàíå êðèâàÿ ïî âõîäíûì âåëè÷èíàì:
aX,aY - ìàññèâû êîîðäèíàò óçëîâûõ òî÷åê;
X0,Y0 - öåíòðàëüíûå êîîðäèíàòû òî÷êè ïpèâÿçêè;
M - ìàñøòàá; N - ÷èñëî èíòåðâàëîâ;
Tb,Te - êîäû ãðàíè÷íûõ óñëîâèé}
const NStep=10;{×èñëî øàãîâ íà èíòåðâàëå}
var
aChord,aAcCh,MomX,MomY:tArr;
DerBy,DerEy,X,Y,t,DerBx,DerEx:double;
Xb,Xe,Yb,Ye:integer;
BegTy,EndTy,j,i:byte;
begin
aAcCh[0]:=0;{Íàêîïëåííàÿ õîpäà â íà÷àëüíîé òî÷êå}
{Âû÷èñëåíèå ìàññèâîâ õîpä aChord è íàêîïëåííûõ õîpä aAcCh}
for i:=1 to N do begin
aChord[i]:=sqrt(sqr(aX[i]-aX[i-1])+sqr(aY[i]-aY[i-1]));
aAcCh[i]:=aAcCh[i-1]+aChord[i];
                   end;
{Ïðîèçâîäíûå x ïî ïàðàìåòðó â ãðàíè÷íûõ òî÷êàõ - êîñèíóñû óãëà íàêëîíà õîðäû}
DerBx:=(aX[1]-aX[0])/aChord[1];
DerEx:=(aX[N]-aX[N-1])/aChord[N];
Case Tb of
1: begin {Íà÷. ó÷àñòîê - ïpÿìàÿ ëèíèÿ}
    BegTy:=3;
    DerBy:=(aY[1]-aY[0])/aChord[1];{sin óãëà íàêëîíà õîðäû}
    end; {Íà÷. ó÷àñòîê - ïpÿìàÿ ëèíèÿ}
 2: BegTy:=2;{Ïàpàáîëè÷åñêèé íà÷. ó÷àñòîê}
 3: begin{Ãîpèçîíòàëüíàÿ êàñàòåëüíàÿ}
     BegTy:=3; DerBy:=0
     end;{Ãîpèçîíòàëüíàÿ êàñàòåëüíàÿ}
end;{Case}
Case Te of
1: begin{Êîí. ó÷àñòîê - ïpÿìàÿ ëèíèÿ}
    EndTy:=3;
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end;{Case NF}
end;{BoundDer}
BEGIN
{Ñâÿçûâàåì ëîãè÷åñêèé ôàéë Fout c "ôèçè÷åñêèì" - 'Fout' è îòêðûâàåì åãî íà çàïèñü}
assign(Fout,'Fout'); rewrite(Fout);
for NF:=1 to 2 do begin{Öèêë ôóíêöèé}
 h:=(Xmax[NF]-Xmin[NF])/n; {øàã óçëîâ}
 {Âû÷èñëÿåì óçëû è çíà÷åíèÿ òåñòèðóåìîé ôóíêöèè â íèõ}
 for i:=0 to n do
  begin aX[I]:=Xmin[NF]+i*h; aY[i]:=F(NF,aX[I]) end;
 {Ãðàíè÷íûå óñëîâèÿ}
 BoundDer(NF);
 DerB:=Der[NF][1]; DerE:=Der[NF][2];
 {Íàõîæäåíèå ìîìåíòîâ}
 MomSpline(n,aX,aY,Mom,3,3,DerB,DerE);
 {Çàãîëîâîê âûõîäíîé òàáëèöû}
 writeln(Fout,NameF[NF]);
 writeln(Fout,'Xout     F         YSpline   dY');
 {Äëÿ êàæäîé òî÷êè âûâîäà íàõîäèì çíà÷åíèÿ òåñòèðóåìîé ôóíêöèè, èíòåðïîëÿöèîííîãî
ñïëàéíà è îòíîñèòåëüíîãî îòêëîíåíèÿ ýòèõ âåëè÷èí â %  }
  for i:=1 to n do begin{Öèêë òî÷åê âûâîäà}
   Xout:=(aX[i-1]+aX[i])/2;
   Yout:=F(NF,Xout); YSpline:=Spline(aX,aY,Mom,Xout);
   dY:=(Yout-YSpline)/Yout*100;
   {âûâîä  ñòðîêè âûõîäíîé òàáëèöû}
   writeln
   (Fout,Xout:6:4,'  ',Yout:9:7,' ',YSpline:10:7,' ',dY:7:4);
                    end;{Öèêë òî÷åê âûâîäà}
                   end;{Öèêë ôóíêöèé}
close(Fout);{Çàêpûâàåì ôàéë Fout}
END.

ßçûê Ñè

/*Ïðîãðàììà òåñòèðîâàíèÿ èíòåðïîëÿöèîííûõ ñïëàéíîâ*/
#include<stdio.h>
#include<math.h>
#define Nmax 50 /*Ìàêñèìàëüíîå ÷èñëî óçëîâ*/
int N=16; /*×èñëî èíòåðâàëîâ*/
double Xmin[2]={0,-1}; Xmax[2]={2,1};/*Ãðàíè÷íûå óçëû*/
double Der[2][2];/*ìàòpèöà ïðîèçâîäíûõ â ãpàí. óçëàõ*/
void MomSpline(int n, double *ax, double *ay, double *mom,
             int begT, int endT, double derB, double derE)
...
}
double Spline(double *ax, double *ay, double *mom, double x)
...
}
double F(int NF,double x)
/* Ôóíêöèè, äëÿ êîòîpûõ íàõîäÿòñÿ èíòåpïîëÿöèîííûå ñïëàéíû */
{switch (NF)
 {case 0: return exp(x);
  case 1: return log(1+100*x*x);
 }
}
void BoundDer(int NF)
/*Ïpîèçâîäíûå â ãpàíè÷íûõ òî÷êàõ*/
{switch (NF)
 {case 0:
   Der[0][0]=exp(Xmin[0]); Der[0][1]=exp(Xmax[0]);
   break;
  case 1:
   Der[1][0]=200*Xmin[1]/(1+100.0*Xmin[1]*Xmin[1]);
   Der[1][1]=200*Xmax[1]/(1+100.0*Xmax[1]*Xmax[1]);
   break;
 }
}
void main()
{int i,NF; double DerB,DerE;
 double ax[Nmax],ay[Nmax],mom[Nmax];
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Pmid = (Pright + Pleft) / 2
PRINT USING "& ##.### &"; "Äàâëåíèå ñîñòàâëÿåò "; Pmid; " áàð"
END

SUB MomSpline (n%, ax#(), ay#(), mom#(), BC%(), Der#())
...
END SUB

FUNCTION Spline# (ax#(), ay#(), mom#(), x#)
...
END FUNCTION

5. Èñïîëüçîâàíèå ñïëàéíîâ â ãðàôèêå
Êàæåòñÿ âïîëíå åñòåñòâåííîé è î÷åâèäíîé èäåÿ èñïîëüçîâàòü ñïëàéíû äëÿ ïðîâåäåíèÿ ãëàäêèõ êðèâûõ ÷åðåç

çàäàííûå òî÷êè.  Îäíàêî çäåñü âîçíèêàþò íåêîòîðûå òðóäíîñòè. Òàê, êðèâàÿ ìîæåò èìåòü âåðòèêàëüíóþ
êàñàòåëüíóþ, à ãðàôèê êóáè÷åñêîãî (äà è ëþáîãî) ìíîãî÷ëåíà  � íåò. Äëÿ ðÿäà êðèâûõ çàâèñèìîñòü îðäèíàòû
îò àáñöèññû íå âûðàæàåòñÿ îäíîçíà÷íîé ôóíêöèåé � îäíîé àáñöèññå ìîæåò ñîîòâåòñòâîâàòü íåñêîëüêî îðäè-
íàò. Òàêèå êðèâûå, êàê ñïèðàëè (Àðõèìåäà èëè ëîãàðèôìè÷åñêèå), èìåþò îáå óêàçàííûå îñîáåííîñòè. Íàêî-
íåö, êðèâûå ìîãóò áûòü çàìêíóòûìè  è ñàìîïåðåñåêàþùèìèñÿ.

Âñå ýòè òðóäíîñòè ïîçâîëÿþò ïðåîäîëåòü ïàðàìåòðè÷åñêèå ñïëàéíû. Åñëè äëÿ êàæäîé òî÷êè (x
i
, y

i
),

i = 0, 1, ..., n èçâåñòíî çíà÷åíèå íåêîòîðîãî ïàðàìåòðà ti, ïðè÷åì  ïîñëåäîâàòåëüíîñòü t
i
 ÿâëÿåòñÿ âîçðàñòàþùåé, òî

ìîæíî ïîñòðîèòü äâà ñïëàéíà: X è Y � ñïëàéíû, âûðàæàþùèå çàâèñèìîñòü àáñöèññû x  è îðäèíàòû y îò ïàðàìåòðà t,
ò.å. ïîëó÷èòü ôóíêöèè x(t) è y(t). Ïóñòü ïàðàìåòð t ïðîáåãàåò çíà÷åíèÿ îò t

0
 äî t

n
 ñ äîñòàòî÷íî ìàëûì øàãîì. Ñîåäèíÿÿ

ñîñåäíèå òî÷êè (x(t), y(t)) ïðÿìîëèíåéíûì îòðåçêîì, ïîëó÷àåì èíòåðåñóþùóþ íàñ êðèâóþ.
Êàê âûáðàòü ïàðàìåòð?  Äëÿ ïàðàìåòðèçàöèè êðèâûõ ÷àñòî èñïîëüçóþò ïîëÿðíûé óãîë è ïîëÿðíóþ ñèñòåìó

êîîðäèíàò. Ýòîò ñïîñîá ìîæåò ïîäîéòè è äëÿ ïàðàìåòðè÷åñêèõ ñïëàéíîâ, íî çäåñü íàäî ïðàâèëüíî âûáðàòü
ïîëîæåíèå ïîëþñà òàê, ÷òîáû ïîëÿðíûå óãëû óâåëè÷èâàëèñü ïðè ïåðåõîäå ê ñëåäóþùåé çàäàííîé òî÷êå êðèâîé,
÷òî èíîãäà çàòðóäíèòåëüíî. Â ïðèíöèïå ïàðàìåòð ìîæåò áûòü âûáðàí ïðîèçâîëüíî, äîñòàòî÷íî  êàæäîé çàäàí-
íîé òî÷êå ñîïîñòàâèòü êàêîå-òî  åãî çíà÷åíèå. Îäíàêî èíòóèöèÿ è âû÷èñëèòåëüíûå ýêñïåðèìåíòû ïîäñêàçûâà-
þò, ÷òî ðàçíîñòü çíà÷åíèé ïàðàìåòðà â ñîñåäíèõ çàäàííûõ òî÷êàõ äîëæíà áûòü ïðîïîðöèîíàëüíà ðàññòîÿíèþ
ìåæäó ýòèìè òî÷êàìè. Ìû ïðèõîäèì ê ïàðàìåòðó, êîòîðûé èìååò äîâîëüíî äëèííîå íàçâàíèå � íàêîïëåííàÿ
äëèíà õîðäû. Â óçëàõ çíà÷åíèå ýòîãî ïàðàìåòðà � ñóììà äëèí õîðä âñåõ ïðåäûäóùèõ èíòåðâàëîâ. Ïóñòü d

i
 �

äëèíà õîðäû  i�ãî èíòåðâàëà:

d
i
 = ( ) ( )x x y yi i i i− + −− −1

2
1

2 .

Òîãäà ïàðàìåòð â íóëåâîé òî÷êå t
0 
= 0, à ïðè i > 0

t
i 
= t

i � 1 
+ d

i 
, 

           
i = 1, ..., n.

Äîñòîèíñòâîì òàêîãî âûáîðà ïàðàìåòðà ÿâëÿåòñÿ åãî óíèâåðñàëüíîñòü � âîçðàñòàíèå ïàðàìåòðà ñ ðîñòîì
íîìåðà òî÷êè çäåñü ãàðàíòèðîâàíî.

Ïîñìîòðèì òåïåðü, êàê âûáèðàòü ãðàíè÷íûå óñëîâèÿ äëÿ ïàðàìåòðè÷åñêèõ ñïëàéíîâ ïðè âûáîðå â êà÷åñòâå
ïàðàìåòðà íàêîïëåííîé äëèíû õîðäû.

Ïóñòü ϕ � óãîë íàêëîíà ãðàíè÷íîé õîðäû (ïåðâîé èëè ïîñëåäíåé). Òîãäà ïðîèçâîäíàÿ îò x ïî ïàðàìåòðó t
â ãðàíè÷íîé òî÷êå âûðàæàåòñÿ êàê

dx
dt

 = cosϕ.

Ýòî îçíà÷àåò, ÷òî äëÿ  X-ñïëàéíà ïðîèçâîäíûå  â ãðàíè÷íûõ òî÷êàõ èçâåñòíû è ìîæíî èñïîëüçîâàòü  ãðàíè÷-
íîå óñëîâèå 3 äëÿ îáîèõ êîíöîâ. Äîïóñòèì òåïåðü, ÷òî â êàêîé-ëèáî ãðàíè÷íîé òî÷êå êðèâîé èçâåñòåí òàíãåíñ
óãëà íàêëîíà êàñàòåëüíîé g. Ïîñêîëüêó

g = 
dy
dx

,

òî ñ ó÷åòîì ïðåäûäóùåãî âûðàæåíèÿ ïðîèçâîäíàÿ îò y ïî ïàðàìåòðó t  èìååò âèä:

dy
dt

 = g cosϕ

� è äëÿ Y-ñïëàéíà â ñîîòâåòñòâóþùåé ãðàíè÷íîé òî÷êå òàêæå ìîæíî èñïîëüçîâàòü  ãðàíè÷íîå óñëîâèå 3. Íà
ïðàêòèêå âñòðå÷àþòñÿ ñëó÷àè, êîãäà íà÷àëüíûé èëè êîíå÷íûé ó÷àñòîê êðèâîé � ïðÿìîëèíåéíûé îòðåçîê è,
çíà÷èò, ñîâïàäàåò ñ õîðäîé. Ïðîèçâîäíàÿ îò y ïî ïàðàìåòðó t  â ýòîì ñëó÷àå åñòü ñèíóñ óãëà ϕ:

dy
dt

 = sinϕ
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 double h,Xout,Yout,YSpline,dY;
 FILE *Fout;
 char *NameF[2]={
 "       1. F(x)=exp(x)",
 "       2. F(x)=ln(1+100*x*x)"};
 /*Ñâÿçûâàåì ëîãè÷åñêèé ôàéë Fout c "ôèçè÷åñêèì" - "Fout" - è îòêðûâàåì åãî íà çàïèñü */
 Fout=fopen("Fout","w");
 for (NF=0; NF<2; NF++)/*Öèêë ôóíêöèé*/
  {h=(Xmax[NF]-Xmin[NF])/N; /* øàã óçëîâ */
   /*Âû÷èñëÿåì óçëû è çíà÷åíèÿ òåñòèðóåìîé ôóíêöèè â íèõ*/
   for (i=0; i<=N; i++)
    {ax[i]=Xmin[NF]+i*h; ay[i]=F(NF,ax[i]);}
   /* Ãðàíè÷íûå óñëîâèÿ */
   BoundDer(NF);
   DerB=Der[NF][0]; DerE=Der[NF][1];
   /* Íàõîæäåíèå ìîìåíòîâ */
   MomSpline(N,ax,ay,mom,3,3,DerB,DerE);
   /* Çàãîëîâîê âûõîäíîé òàáëèöû */
   fprintf(Fout,"%.50s\n",NameF[NF]);
   fprintf(Fout,"nXout     F         YSpline   dY\n");
   /* Äëÿ êàæäîé òî÷êè âûâîäà íàõîäèì çíà÷åíèÿ òåñòèðóåìîé ôóíêöèè,
      èíòåðïîëÿöèîííîãî ñïëàéíà è îòíîñèòåëüíîãî îòêëîíåíèÿ ýòèõ âåëè÷èí â % */
   for (i=1; i<=N; i++) /*Öèêë òî÷åê âûâîäà*/
    {Xout=(ax[i-1]+ax[i])/2;
     Yout=F(NF,Xout); YSpline=Spline(ax,ay,mom,Xout);
     dY=(Yout-YSpline)/Yout*100;
     /* âûâîä  ñòðîêè âûõîäíîé òàáëèöû */
     fprintf(Fout,"%6.4f  %8.6f  %10.6f  %6.4f\n",
                            Xout,Yout,YSpline,dY);
    }                   /*Öèêë òî÷åê âûâîäà*/
 }                     /*Öèêë ôóíêöèé*/
 fclose(Fout);
}

ßçûê Áåéñèê

'Ïðîãðàììà òåñòèðîâàíèÿ èíòåðïîëÿöèîííûõ ñïëàéíîâ
DECLARE SUB BoundDer (NF%)
DECLARE SUB MomSpline (n%, ax#(), ay#(), mom#(), BC%(), Der#())
DECLARE FUNCTION F# (NF%, x#)
DECLARE FUNCTION Spline# (ax#(), ay#(), mom#(), x#)
DIM Nmax%: Nmax% = 50: 'Ìàêñèìàëüíîå ÷èñëî èíòåðâàëîâ
DIM n AS INTEGER: n = 16 '×èñëî èíòåðâàëîâ
DIM i AS INTEGER, NF AS INTEGER, nout AS INTEGER
DIM Xout AS DOUBLE, Yout AS DOUBLE, YSpline AS DOUBLE
DIM h AS DOUBLE, Der(1 TO 2) AS DOUBLE
DIM ax(0 TO Nmax%) AS DOUBLE, ay(0 TO Nmax%) AS DOUBLE
DIM mom(0 TO Nmax%) AS DOUBLE, BC(1 TO 2) AS INTEGER
DIM SHARED Der22(1 TO 2, 1 TO 2) AS DOUBLE
'Ãpàíè÷íûå óçëû
DIM SHARED Xmin(1 TO 2) AS DOUBLE, Xmax(1 TO 2) AS DOUBLE
Xmin(1) = 0: Xmax(1) = 2: Xmin(2) = -1: Xmax(2) = 1
DIM NameF(1 TO 2) AS STRING
NameF(1) = "       1. F(x)=exp(x)"
NameF(2) = "       2. F(x)=ln(1+100*x*x)"
'Îòêðûâàåì ôàéë "Fout" íà çàïèñü
'è äàåì åìó íîìåp #1
OPEN "Fout" FOR OUTPUT AS #1
FOR NF = 1 TO 2 'Öèêë ôóíêöèé
 h = (Xmax(NF) - Xmin(NF)) / n 'øàã óçëîâ
 'Âû÷èñëÿåì óçëû è çíà÷åíèÿ òåñòèðóåìîé ôóíêöèè â íèõ
 FOR i = 0 TO n
  ax(i) = Xmin(NF) + i * h: ay(i) = F#(NF, ax(i))
 NEXT i
 'Ãðàíè÷íûå óñëîâèÿ
 CALL BoundDer(NF)
 Der(1) = Der22(NF, 1): Der(2) = Der22(NF, 2)
 BC(1) = 3: BC(2) = 3
 'Íàõîæäåíèå ìîìåíòîâ
 CALL MomSpline(n, ax(), ay(), mom(), BC(), Der())
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void MomSpline(int n, double *ax, double *ay, double *mom,
             int begT, int endT, double derB, double derE)
{
...
}
double Spline(double *ax, double *ay, double *mom, double x)
{
...
}
void main ()
{char *Invitation1="\nÓêàæèòå òåìïåðàòóðó êèïåíèÿ âîäû",
      *Invitation2="â äèàïàçîíå îò 100 äî 200î Ñ";
 double aP[N]=/* ìàññèâ äàâëåíèé */
 {0.7,1,1.4,1.9,2.5,3.3,4.3,5.5,7,8.8,11,13.5,16,17};
 double aTb[N]=/* ìàññèâ òåìïåðàòóð */
 {89.96,99.63,109.32,118.62,127.43,136.82,146.25,
  155.47,164.96,174.40,184.06,193.35,201.37,204.30};
 double mom[N],Tb,Tb_mid,Pleft,Pright,Pmid;
 /*Îïðåäåëÿåì ìîìåíòû*/ MomSpline(N-1,aP,aTb,mom,2,2,0,0);
 strcat(Invitation1,Invitation2);
 do /* Ââîä òåìïåðàòóðû êèïåíèÿ */
  {printf(Invitation1); scanf("%lf",&Tb);}
 while ( 100>Tb || Tb>200);
 /*Çàäàåì ëåâóþ è ïðàâóþ ãðàíèöû ïîèñêà*/
 Pleft=1; Pright=16;
 /*Ïîèñê äåëåíèåì ïîïîëàì ñ ó÷åòîì ðîñòà òåìïåðàòóðû êèïåíèÿ ñ äàâëåíèåì */
 while (Pright-Pleft>0.001)
 {Pmid=(Pright+Pleft)/2;
  Tb_mid=Spline(aP,aTb,mom,Pmid);
  if (Tb_mid<Tb) Pleft=Pmid; else Pright=Pmid;
 }
 printf("\nÄàâëåíèå ñîñòàâëÿåò %6.3f áàp",(Pright+Pleft)/2);
}

ßçûê Áåéñèê

'Îïðåäåëåíèå äàâëåíèÿ, ïðè êîòîðîì êèïèò âîäà ñ çàäàííîé òåìïåðàòóðîé
DECLARE SUB MomSpline (n%, ax#(), ay#(), mom#(), BC%(), Der#())
DECLARE FUNCTION Spline# (ax#(), ay#(), mom#(), x#)
DIM n AS INTEGER: n = 13 '÷èñëî èíòåðâàëîâ
Invitation1$ = "Óêàæèòå òåìïåðàòóðó êèïåíèÿ âîäû "
Invitation2$ = "â äèàïàçîíå îò 100 äî 200î Ñ "
Invitation$ = Invitation1$ + Invitation2$
DIM aP(0 TO n) AS DOUBLE, aTb(0 TO n) AS DOUBLE
DIM mom(0 TO n) AS DOUBLE, i AS INTEGER
DATA 0.7,1,1.4,1.9,2.5,3.3,4.3,5.5,7,8.8,11,13.5,16,17
FOR i = 0 TO n: READ aP(i): NEXT i
'aTb(0)-aTb(6)
DATA 89.96,99.63,109.32,118.62,127.43,136.82,146.25
FOR i = 0 TO 6: READ aTb(i): NEXT i
'aTb(7)-aTb(n)
DATA 155.47,164.96,174.40,184.06,193.35,201.37,204.30
FOR i = 7 TO n: READ aTb(i): NEXT i
DIM Tb AS DOUBLE, TbMid AS DOUBLE
DIM Pleft AS DOUBLE, Pright AS DOUBLE, Pmid AS DOUBLE
DIM BC(1 TO 2) AS INTEGER, Der(1 TO 2) AS DOUBLE
BC(1) = 2: BC(2) = 2 'Ãpàíè÷íûå óñëîâèÿ
'Îïðåäåëÿåì ìîìåíòû
CALL MomSpline(n, aP(), aTb(), mom(), BC(), Der())
DO 'Ââîä òåìïåðàòóðû êèïåíèÿ
PRINT Invitation$: INPUT Tb
LOOP UNTIL 100 <= Tb AND Tb <= 200
'Çàäàåì ëåâóþ è ïðàâóþ ãðàíèöû ïîèñêà
Pleft = 1: Pright = 16
'Ïîèñê äåëåíèåì ïîïîëàì ñ ó÷åòîì ðîñòà òåìïåðàòóðû êèïåíèÿ ñ äàâëåíèåì
DO WHILE Pright - Pleft > .001
 Pmid = (Pright + Pleft) / 2
 TbMid = Spline(aP(), aTb(), mom(), Pmid)
 IF TbMid < Tb THEN Pleft = Pmid ELSE Pright = Pmid
LOOP
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 'ôîpìàò âûâîäà
 format$ = "##.####  #.#######   ##.#######   ##.####"
 'Çàãîëîâîê âûõîäíîé òàáëèöû
 PRINT #1, NameF(NF)
 PRINT #1, "Xout     Yout         YSpline        dY"
 'Äëÿ êàæäîé òî÷êè âûâîäà íàõîäèì çíà÷åíèÿ òåñòèðóåìîé ôóíêöèè, èíòåðïîëÿöèîííîãî
 ' ñïëàéíà è îòíîñèòåëüíîãî îòêëîíåíèÿ ýòèõ âåëè÷èí â %
 FOR i = 1 TO n 'Öèêë òî÷åê âûâîäà
  Xout = (ax(i - 1) + ax(i)) / 2
  Yout = F(NF, Xout)
  YSpline = Spline(ax(), ay(), mom(), Xout)
  dY = (Yout - YSpline) / Yout * 100
  'âûâîä  ñòðîêè âûõîäíîé òàáëèöû
  PRINT #1, USING format$; Xout; Yout; YSpline; dY
 NEXT i         'Öèêë òî÷åê âûâîäà
NEXT NF         'Öèêë ôóíêöèé
CLOSE 'Çàêpûâàåì ôàéë #1
END

SUB BoundDer (NF%)
'Ïpîèçâîäíûå â ãpàíè÷íûõ òî÷êàõ
SELECT CASE NF%
 CASE 1
  Der22(1, 1) = EXP(Xmin(1)): Der22(1, 2) = EXP(Xmax(1))
 CASE 2
  Der22(2, 1) = 200 * Xmin(2) / (1 + 100 * Xmin(2) * Xmin(2))
  Der22(2, 2) = 200 * Xmax(2) / (1 + 100 * Xmax(2) * Xmax(2))
END SELECT
END SUB

FUNCTION F# (NF%, x#)
'Ôóíêöèè, äëÿ êîòîpûõ íàõîäÿòñÿ èíòåpïîëÿöèîííûå ìíîãî÷ëåíû
SELECT CASE NF%
 CASE 1
  F# = EXP(x#)
 CASE 2
  F# = LOG(1 + 100 * x# * x#)
END SELECT
END FUNCTION

SUB MomSpline (n%, ax#(), ay#(), mom#(), BC%(), Der#())
...
END SUB

FUNCTION Spline# (ax#(), ay#(), mom#(), x#)
...
END FUNCTION

Âûïîëíèâ ëþáóþ èç ýòèõ ïðîãðàìì ïðè n = 8, íàéäåì, ÷òî ðàñõîæäåíèå ìåæäó çíà÷åíèÿìè ýêñïîíåíòû è
åå èíòåpïîëÿöèîííîãî ñïëàéíà íå ïðåâûøàåò íåñêîëüêèõ åäèíèö ïÿòîãî äðîáíîãî ðàçðÿäà, èëè 0,001%. Òàêàÿ
òî÷íîñòü âïîëíå äîñòàòî÷íà äëÿ ïðàêòè÷åñêèõ öåëåé. Íàïîìíèì, îäíàêî, ÷òî ïðè èíòåðïîëÿöèè ìíîãî÷ëåíàìè
Ëàãðàíæà ðàñõîæäåíèÿ íà÷èíàëèñü ëèøü â ñåäüìîì äðîáíîì ðàçðÿäå.

Ïåðåéäåì ê èçó÷åíèþ èíòåpïîëÿöèîííûõ ñïëàéíîâ ôóíêöèè (1). Ýòî ôóíêöèÿ F(x) = ln(1 + 100x2) â
ïðîìåæóòêå [�1, 1]. Êàê ìû ïîìíèì, îíà îêàçàëàñü �òâåðäûì îðåøêîì� äëÿ èíòåðïîëÿöèîííûõ ìíîãî÷ëåíîâ
Ëàãðàíæà. Ðåçóëüòàò âû÷èñëåíèé òàêæå ïðè n = 8 íàíåñåí íà ðèñ. 2 â âèäå òî÷åê � ìàëåíüêèõ êðóæêîâ. Âèäíî, ÷òî
èíòåpïîëÿöèîííûé ñïëàéí âïîëíå óäîâëåòâîðèòåëüíî âîñïðîèçâîäèò õîä ïîðîæäàþùåé åãî ôóíêöèè; îñöèëëÿ-
öèè, õàðàêòåðíûå äëÿ èíòåðïîëÿöèîííûõ ìíîãî÷ëåíîâ Ëàãðàíæà, ïîëíîñòüþ îòñóòñòâóþò. Ïðàâäà, î êîëè÷åñò-
âåííîì ñîãëàñèè ãîâîðèòü òðóäíî: ðàñõîæäåíèå ñîñòàâëÿåò îò 24,5% (ïðè çíà÷åíèÿõ ôóíêöèè F(x), áëèçêèõ ê
íóëþ) äî 0,1%. Ïîýòîìó óâåëè÷èì ÷èñëî èíòåðâàëîâ âäâîå: n =16. Ðàñõîæäåíèå çàìåòíî óìåíüøàåòñÿ, íàõîäÿñü
â ïðåäåëàõ îò 5,5% â îáëàñòè ìèíèìóìà äî 0,0002%.

Ìîæíî ïîäâåñòè èòîãè. Èíòåðïîëÿöèÿ ñ ïîìîùüþ ñïëàéíîâ ÿâëÿåòñÿ íàäåæíîé, ÿâëåíèå îñöèëëÿöèè
çäåñü íå íàáëþäàåòñÿ, ñ ðîñòîì ÷èñëà óçëîâ òî÷íîñòü èíòåðïîëÿöèè âîçðàñòàåò.

Êàê óæå ãîâîðèëîñü, ïðèâåäåííûå ïðîãðàììû (òàê æå êàê è ïðîãðàììû ðàçäåëà 1) íîñÿò ÷èñòî èññëåäîâà-
òåëüñêèé õàðàêòåð. Âåäü åñëè èçâåñòíî àíàëèòè÷åñêîå âûðàæåíèå êàêîé-ëèáî ôóíêöèè, òî íåçà÷åì ïðèáåãàòü ê
èíòåðïîëÿöèè.  Îíà òðåáóåòñÿ, êîãäà ìû ðàñïîëàãàåì ëèøü òàáëèöåé çíà÷åíèé ôóíêöèè, à åå çíà÷åíèÿ â
ïðîìåæóòî÷íûõ òî÷êàõ ëèáî âîîáùå íåèçâåñòíû, ëèáî àëãîðèòì èõ âû÷èñëåíèÿ ñëèøêîì ñëîæíûé è òðóäîåì-
êèé. Ïðèâåäåì ñëåäóþùèé ïðèìåð. Ðåøåíèå ðÿäà ïðèêëàäíûõ çàäà÷  ñâÿçàíî ñ èñïîëüçîâàíèåì òåìïåðàòóðû
êèïåíèÿ âîäû, êîòîðàÿ, êàê èçâåñòíî èç êóðñà ôèçèêè, çàâèñèò îò äàâëåíèÿ, âîçðàñòàÿ ñ åãî óâåëè÷åíèåì.
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Èìåþòñÿ ïîäðîáíûå òàáëèöû òåìïåðàòóðû êèïåíèÿ âîäû â çàâèñèìîñòè îò äàâëåíèÿ [4]. Îíè ñîñòàâëåíû íà
êîìïüþòåðå, àëãîðèòì ðàñ÷åòà îïóáëèêîâàí, îäíàêî îí âåñüìà ãðîìîçäêèé è ðàçîáðàòüñÿ â íåì ïîä ñèëó òîëüêî
ñïåöèàëèñòó â îáëàñòè òåðìîäèíàìèêè. Ïîýòîìó åñëè íàì ïðèõîäèòñÿ ðàçðàáàòûâàòü ïðîãðàììó, â êîòîðîé
ôèãóðèðóåò òåìïåðàòóðà êèïåíèÿ âîäû êàê ôóíêöèÿ äàâëåíèÿ, òî ïðîùå âñåãî âêëþ÷èòü â ïðîãðàììó âûáîðêó
èç ýòèõ òàáëèö ïî âîçìîæíîñòè ìåíüøåãî îáúåìà è èñïîëüçîâàòü êàêîé-íèáóäü ìåòîä èíòåðïîëÿöèè. Êàêîé
èìåííî? Ïåðâîå, ÷òî ïðèõîäèò â ãîëîâó, � ýòî ëèíåéíàÿ èíòåðïîëÿöèÿ � ïðîñòàÿ è õîðîøî çíàêîìàÿ. Íî
èíòåðåñóþùàÿ íàñ çàâèñèìîñòü ñóùåñòâåííî íåëèíåéíàÿ, è ïîýòîìó â ïðîãðàììó ïðèäåòñÿ âêëþ÷èòü âñþ
òàáëèöó, ÷òî, âî-ïåðâûõ, òðóäîåìêî, à âî-âòîðûõ, ìîæåò âûçâàòü ïðîáëåìû ñ ïàìÿòüþ. Âûáîð ìåæäó ìíîãî÷ëå-
íàìè Ëàãðàíæà è ñïëàéíàìè äåëàåì â ïîëüçó ñïëàéíîâ èç ñîîáðàæåíèé íàäåæíîñòè. Â ïðèâîäèìûõ íèæå
ïðîãðàììàõ ðåøàåòñÿ �îáðàòíàÿ� çàäà÷à: îïðåäåëÿåòñÿ äàâëåíèå êèïÿùåé âîäû äëÿ çàäàííîé òåìïåðàòóðû.
Äèàïàçîí çàäàíèÿ òåìïåðàòóðû ïðèíèìàåì â ïðåäåëàõ îò 100°Ñ äî 200°Ñ. Ýòîìó äèàïàçîíó òåìïåðàòóð
ñîîòâåòñòâóåò äèàïàçîí äàâëåíèé (ñ íåêîòîðûì çàïàñîì) îò 1 äî 16 áàð: ïðè äàâëåíèè 1 áàð òåìïåðàòóðà
êèïåíèÿ âîäû � 99,63°Ñ, à ïðè 16 áàðàõ � 201,37°Ñ (íàïîìíèì, ÷òî 1 áàð = 105 Í/ì2 ). Ïîèñê äàâëåíèÿ
âûïîëíÿåòñÿ ìåòîäîì �äåëåíèÿ ïîïîëàì�, ïðè ýòîì  ó÷èòûâàåòñÿ, ÷òî òåìïåðàòóðà êèïåíèÿ ñ ðîñòîì äàâëåíèÿ
âîçðàñòàåò. Ïðèâîäèì ñîîòâåòñòâóþùèå ïðîãðàììû. Îáðàòèòå âíèìàíèå íà âûáîð óçëîâ äàâëåíèé: ïåðâûé è
ïîñëåäíèé óçëû ëåæàò âíå ðàáî÷åãî äèàïàçîíà,  íà÷àëüíûå è êîíå÷íûå øàãè ìåíüøå îñíîâíûõ. Ýòî ñâÿçàíî ñ
òåì, ÷òî, íå èìåÿ èíôîðìàöèè î ïðîèçâîäíûõ â óçëàõ, ìû âûíóæäåíû èñïîëüçîâàòü íà îáîèõ êîíöàõ âòîðîå
ãðàíè÷íîå óñëîâèå: êâàäðàòè÷íîñòü ãðàíè÷íîãî îòðåçêà. Óêàçàííûé âûáîð óçëîâ ïîçâîëÿåò êîìïåíñèðîâàòü
ìåíüøóþ òî÷íîñòü ýòîãî ãðàíè÷íîãî óñëîâèÿ è ÿâëÿåòñÿ, òàêèì îáðàçîì, òèïè÷íûì. Êàê ïîêàçûâàåò ñïåöèàëü-
íûé àíàëèç, îøèáêà ïðè íàõîæäåíèè äàâëåíèÿ ïî ïðèâåäåííûì ïðîãðàììàì íå ïðåâûøàåò îäíîé-äâóõ åäè-
íèö òðåòüåãî äåñÿòè÷íîãî ðàçðÿäà, ÷òî âïîëíå äîñòàòî÷íî äëÿ ïðàêòè÷åñêèõ öåëåé.

ßçûê Ïàñêàëü

{Îïðåäåëåíèå äàâëåíèÿ, ïðè êîòîðîì êèïèò âîäà ñ çàäàííîé òåìïåðàòóðîé}
const n=13;{×èñëî èíòåðâàëîâ}
type
tArr=array[0..n] of double;
const
Invitation1='Óêàæèòå òåìïåðàòóðó êèïåíèÿ âîäû ';
Invitation2='â äèàïàçîíå îò 100 äî 200î Ñ ';
Invitation=Invitation1+Invitation2;
aP:tArr={ìàññèâ äàâëåíèé}
(0.7,1,1.4,1.9,2.5,3.3,4.3,5.5,7,8.8,11,13.5,16,17);
aTb:tArr={ìàññèâ òåìïåðàòóð}
(89.96,99.63,109.32,118.62,127.43,136.82,146.25,
155.47,164.96,174.40,184.06,193.35,201.37,204.30);
procedure MomSpline(n:byte; var aX,aY,Mom;
        BegT,EndT:byte; DerB,DerE:double);
...
end;{MomSpline}
function Spline(var aX,aY,Mom; x:double):double;
...
var
mom:tArr; Tb,Tb_mid,Pleft,Pright,Pmid :double;
BEGIN
{Îïðåäåëÿåì ìîìåíòû} MomSpline(n,aP,aTb,mom,2,2,0,0);
repeat  {Ââîä òåìïåðàòóðû êèïåíèÿ}
write(Invitation); readln(Tb);
until (100<=Tb) and (Tb<=200);
{Çàäàåì ëåâóþ è ïðàâóþ ãðàíèöû ïîèñêà}
Pleft:=1; Pright:=16;
{Ïîèñê äåëåíèåì ïîïîëàì ñ ó÷åòîì ðîñòà òåìïåðàòóðû êèïåíèÿ ñ äàâëåíèåì}
while Pright-Pleft>0.001 do begin
Pmid:=(Pright+Pleft)/2;
Tb_mid:=Spline(aP,aTb,mom,Pmid);
if Tb_mid<Tb then Pleft:=Pmid else Pright:=Pmid;
                             end;
writeln('Äàâëåíèå ñîñòàâëÿåò ',(Pright+Pleft)/2:6:3,' áàð');
END.

ßçûê Ñè

/* Îïðåäåëåíèå äàâëåíèÿ, ïðè êîòîðîì êèïèò âîäà ñ çàäàííîé òåìïåðàòóðîé */
#include<stdio.h>
#include<string.h>
#define Nmax 50 /*Ìàêñèìàëüíîå ÷èñëî óçëîâ*/
#define N 14 /*×èñëî óçëîâ*/
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 'ôîpìàò âûâîäà
 format$ = "##.####  #.#######   ##.#######   ##.####"
 'Çàãîëîâîê âûõîäíîé òàáëèöû
 PRINT #1, NameF(NF)
 PRINT #1, "Xout     Yout         YSpline        dY"
 'Äëÿ êàæäîé òî÷êè âûâîäà íàõîäèì çíà÷åíèÿ òåñòèðóåìîé ôóíêöèè, èíòåðïîëÿöèîííîãî
 ' ñïëàéíà è îòíîñèòåëüíîãî îòêëîíåíèÿ ýòèõ âåëè÷èí â %
 FOR i = 1 TO n 'Öèêë òî÷åê âûâîäà
  Xout = (ax(i - 1) + ax(i)) / 2
  Yout = F(NF, Xout)
  YSpline = Spline(ax(), ay(), mom(), Xout)
  dY = (Yout - YSpline) / Yout * 100
  'âûâîä  ñòðîêè âûõîäíîé òàáëèöû
  PRINT #1, USING format$; Xout; Yout; YSpline; dY
 NEXT i         'Öèêë òî÷åê âûâîäà
NEXT NF         'Öèêë ôóíêöèé
CLOSE 'Çàêpûâàåì ôàéë #1
END

SUB BoundDer (NF%)
'Ïpîèçâîäíûå â ãpàíè÷íûõ òî÷êàõ
SELECT CASE NF%
 CASE 1
  Der22(1, 1) = EXP(Xmin(1)): Der22(1, 2) = EXP(Xmax(1))
 CASE 2
  Der22(2, 1) = 200 * Xmin(2) / (1 + 100 * Xmin(2) * Xmin(2))
  Der22(2, 2) = 200 * Xmax(2) / (1 + 100 * Xmax(2) * Xmax(2))
END SELECT
END SUB

FUNCTION F# (NF%, x#)
'Ôóíêöèè, äëÿ êîòîpûõ íàõîäÿòñÿ èíòåpïîëÿöèîííûå ìíîãî÷ëåíû
SELECT CASE NF%
 CASE 1
  F# = EXP(x#)
 CASE 2
  F# = LOG(1 + 100 * x# * x#)
END SELECT
END FUNCTION

SUB MomSpline (n%, ax#(), ay#(), mom#(), BC%(), Der#())
...
END SUB

FUNCTION Spline# (ax#(), ay#(), mom#(), x#)
...
END FUNCTION

Âûïîëíèâ ëþáóþ èç ýòèõ ïðîãðàìì ïðè n = 8, íàéäåì, ÷òî ðàñõîæäåíèå ìåæäó çíà÷åíèÿìè ýêñïîíåíòû è
åå èíòåpïîëÿöèîííîãî ñïëàéíà íå ïðåâûøàåò íåñêîëüêèõ åäèíèö ïÿòîãî äðîáíîãî ðàçðÿäà, èëè 0,001%. Òàêàÿ
òî÷íîñòü âïîëíå äîñòàòî÷íà äëÿ ïðàêòè÷åñêèõ öåëåé. Íàïîìíèì, îäíàêî, ÷òî ïðè èíòåðïîëÿöèè ìíîãî÷ëåíàìè
Ëàãðàíæà ðàñõîæäåíèÿ íà÷èíàëèñü ëèøü â ñåäüìîì äðîáíîì ðàçðÿäå.

Ïåðåéäåì ê èçó÷åíèþ èíòåpïîëÿöèîííûõ ñïëàéíîâ ôóíêöèè (1). Ýòî ôóíêöèÿ F(x) = ln(1 + 100x2) â
ïðîìåæóòêå [�1, 1]. Êàê ìû ïîìíèì, îíà îêàçàëàñü �òâåðäûì îðåøêîì� äëÿ èíòåðïîëÿöèîííûõ ìíîãî÷ëåíîâ
Ëàãðàíæà. Ðåçóëüòàò âû÷èñëåíèé òàêæå ïðè n = 8 íàíåñåí íà ðèñ. 2 â âèäå òî÷åê � ìàëåíüêèõ êðóæêîâ. Âèäíî, ÷òî
èíòåpïîëÿöèîííûé ñïëàéí âïîëíå óäîâëåòâîðèòåëüíî âîñïðîèçâîäèò õîä ïîðîæäàþùåé åãî ôóíêöèè; îñöèëëÿ-
öèè, õàðàêòåðíûå äëÿ èíòåðïîëÿöèîííûõ ìíîãî÷ëåíîâ Ëàãðàíæà, ïîëíîñòüþ îòñóòñòâóþò. Ïðàâäà, î êîëè÷åñò-
âåííîì ñîãëàñèè ãîâîðèòü òðóäíî: ðàñõîæäåíèå ñîñòàâëÿåò îò 24,5% (ïðè çíà÷åíèÿõ ôóíêöèè F(x), áëèçêèõ ê
íóëþ) äî 0,1%. Ïîýòîìó óâåëè÷èì ÷èñëî èíòåðâàëîâ âäâîå: n =16. Ðàñõîæäåíèå çàìåòíî óìåíüøàåòñÿ, íàõîäÿñü
â ïðåäåëàõ îò 5,5% â îáëàñòè ìèíèìóìà äî 0,0002%.

Ìîæíî ïîäâåñòè èòîãè. Èíòåðïîëÿöèÿ ñ ïîìîùüþ ñïëàéíîâ ÿâëÿåòñÿ íàäåæíîé, ÿâëåíèå îñöèëëÿöèè
çäåñü íå íàáëþäàåòñÿ, ñ ðîñòîì ÷èñëà óçëîâ òî÷íîñòü èíòåðïîëÿöèè âîçðàñòàåò.

Êàê óæå ãîâîðèëîñü, ïðèâåäåííûå ïðîãðàììû (òàê æå êàê è ïðîãðàììû ðàçäåëà 1) íîñÿò ÷èñòî èññëåäîâà-
òåëüñêèé õàðàêòåð. Âåäü åñëè èçâåñòíî àíàëèòè÷åñêîå âûðàæåíèå êàêîé-ëèáî ôóíêöèè, òî íåçà÷åì ïðèáåãàòü ê
èíòåðïîëÿöèè.  Îíà òðåáóåòñÿ, êîãäà ìû ðàñïîëàãàåì ëèøü òàáëèöåé çíà÷åíèé ôóíêöèè, à åå çíà÷åíèÿ â
ïðîìåæóòî÷íûõ òî÷êàõ ëèáî âîîáùå íåèçâåñòíû, ëèáî àëãîðèòì èõ âû÷èñëåíèÿ ñëèøêîì ñëîæíûé è òðóäîåì-
êèé. Ïðèâåäåì ñëåäóþùèé ïðèìåð. Ðåøåíèå ðÿäà ïðèêëàäíûõ çàäà÷  ñâÿçàíî ñ èñïîëüçîâàíèåì òåìïåðàòóðû
êèïåíèÿ âîäû, êîòîðàÿ, êàê èçâåñòíî èç êóðñà ôèçèêè, çàâèñèò îò äàâëåíèÿ, âîçðàñòàÿ ñ åãî óâåëè÷åíèåì.
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Èìåþòñÿ ïîäðîáíûå òàáëèöû òåìïåðàòóðû êèïåíèÿ âîäû â çàâèñèìîñòè îò äàâëåíèÿ [4]. Îíè ñîñòàâëåíû íà
êîìïüþòåðå, àëãîðèòì ðàñ÷åòà îïóáëèêîâàí, îäíàêî îí âåñüìà ãðîìîçäêèé è ðàçîáðàòüñÿ â íåì ïîä ñèëó òîëüêî
ñïåöèàëèñòó â îáëàñòè òåðìîäèíàìèêè. Ïîýòîìó åñëè íàì ïðèõîäèòñÿ ðàçðàáàòûâàòü ïðîãðàììó, â êîòîðîé
ôèãóðèðóåò òåìïåðàòóðà êèïåíèÿ âîäû êàê ôóíêöèÿ äàâëåíèÿ, òî ïðîùå âñåãî âêëþ÷èòü â ïðîãðàììó âûáîðêó
èç ýòèõ òàáëèö ïî âîçìîæíîñòè ìåíüøåãî îáúåìà è èñïîëüçîâàòü êàêîé-íèáóäü ìåòîä èíòåðïîëÿöèè. Êàêîé
èìåííî? Ïåðâîå, ÷òî ïðèõîäèò â ãîëîâó, � ýòî ëèíåéíàÿ èíòåðïîëÿöèÿ � ïðîñòàÿ è õîðîøî çíàêîìàÿ. Íî
èíòåðåñóþùàÿ íàñ çàâèñèìîñòü ñóùåñòâåííî íåëèíåéíàÿ, è ïîýòîìó â ïðîãðàììó ïðèäåòñÿ âêëþ÷èòü âñþ
òàáëèöó, ÷òî, âî-ïåðâûõ, òðóäîåìêî, à âî-âòîðûõ, ìîæåò âûçâàòü ïðîáëåìû ñ ïàìÿòüþ. Âûáîð ìåæäó ìíîãî÷ëå-
íàìè Ëàãðàíæà è ñïëàéíàìè äåëàåì â ïîëüçó ñïëàéíîâ èç ñîîáðàæåíèé íàäåæíîñòè. Â ïðèâîäèìûõ íèæå
ïðîãðàììàõ ðåøàåòñÿ �îáðàòíàÿ� çàäà÷à: îïðåäåëÿåòñÿ äàâëåíèå êèïÿùåé âîäû äëÿ çàäàííîé òåìïåðàòóðû.
Äèàïàçîí çàäàíèÿ òåìïåðàòóðû ïðèíèìàåì â ïðåäåëàõ îò 100°Ñ äî 200°Ñ. Ýòîìó äèàïàçîíó òåìïåðàòóð
ñîîòâåòñòâóåò äèàïàçîí äàâëåíèé (ñ íåêîòîðûì çàïàñîì) îò 1 äî 16 áàð: ïðè äàâëåíèè 1 áàð òåìïåðàòóðà
êèïåíèÿ âîäû � 99,63°Ñ, à ïðè 16 áàðàõ � 201,37°Ñ (íàïîìíèì, ÷òî 1 áàð = 105 Í/ì2 ). Ïîèñê äàâëåíèÿ
âûïîëíÿåòñÿ ìåòîäîì �äåëåíèÿ ïîïîëàì�, ïðè ýòîì  ó÷èòûâàåòñÿ, ÷òî òåìïåðàòóðà êèïåíèÿ ñ ðîñòîì äàâëåíèÿ
âîçðàñòàåò. Ïðèâîäèì ñîîòâåòñòâóþùèå ïðîãðàììû. Îáðàòèòå âíèìàíèå íà âûáîð óçëîâ äàâëåíèé: ïåðâûé è
ïîñëåäíèé óçëû ëåæàò âíå ðàáî÷åãî äèàïàçîíà,  íà÷àëüíûå è êîíå÷íûå øàãè ìåíüøå îñíîâíûõ. Ýòî ñâÿçàíî ñ
òåì, ÷òî, íå èìåÿ èíôîðìàöèè î ïðîèçâîäíûõ â óçëàõ, ìû âûíóæäåíû èñïîëüçîâàòü íà îáîèõ êîíöàõ âòîðîå
ãðàíè÷íîå óñëîâèå: êâàäðàòè÷íîñòü ãðàíè÷íîãî îòðåçêà. Óêàçàííûé âûáîð óçëîâ ïîçâîëÿåò êîìïåíñèðîâàòü
ìåíüøóþ òî÷íîñòü ýòîãî ãðàíè÷íîãî óñëîâèÿ è ÿâëÿåòñÿ, òàêèì îáðàçîì, òèïè÷íûì. Êàê ïîêàçûâàåò ñïåöèàëü-
íûé àíàëèç, îøèáêà ïðè íàõîæäåíèè äàâëåíèÿ ïî ïðèâåäåííûì ïðîãðàììàì íå ïðåâûøàåò îäíîé-äâóõ åäè-
íèö òðåòüåãî äåñÿòè÷íîãî ðàçðÿäà, ÷òî âïîëíå äîñòàòî÷íî äëÿ ïðàêòè÷åñêèõ öåëåé.

ßçûê Ïàñêàëü

{Îïðåäåëåíèå äàâëåíèÿ, ïðè êîòîðîì êèïèò âîäà ñ çàäàííîé òåìïåðàòóðîé}
const n=13;{×èñëî èíòåðâàëîâ}
type
tArr=array[0..n] of double;
const
Invitation1='Óêàæèòå òåìïåðàòóðó êèïåíèÿ âîäû ';
Invitation2='â äèàïàçîíå îò 100 äî 200î Ñ ';
Invitation=Invitation1+Invitation2;
aP:tArr={ìàññèâ äàâëåíèé}
(0.7,1,1.4,1.9,2.5,3.3,4.3,5.5,7,8.8,11,13.5,16,17);
aTb:tArr={ìàññèâ òåìïåðàòóð}
(89.96,99.63,109.32,118.62,127.43,136.82,146.25,
155.47,164.96,174.40,184.06,193.35,201.37,204.30);
procedure MomSpline(n:byte; var aX,aY,Mom;
        BegT,EndT:byte; DerB,DerE:double);
...
end;{MomSpline}
function Spline(var aX,aY,Mom; x:double):double;
...
var
mom:tArr; Tb,Tb_mid,Pleft,Pright,Pmid :double;
BEGIN
{Îïðåäåëÿåì ìîìåíòû} MomSpline(n,aP,aTb,mom,2,2,0,0);
repeat  {Ââîä òåìïåðàòóðû êèïåíèÿ}
write(Invitation); readln(Tb);
until (100<=Tb) and (Tb<=200);
{Çàäàåì ëåâóþ è ïðàâóþ ãðàíèöû ïîèñêà}
Pleft:=1; Pright:=16;
{Ïîèñê äåëåíèåì ïîïîëàì ñ ó÷åòîì ðîñòà òåìïåðàòóðû êèïåíèÿ ñ äàâëåíèåì}
while Pright-Pleft>0.001 do begin
Pmid:=(Pright+Pleft)/2;
Tb_mid:=Spline(aP,aTb,mom,Pmid);
if Tb_mid<Tb then Pleft:=Pmid else Pright:=Pmid;
                             end;
writeln('Äàâëåíèå ñîñòàâëÿåò ',(Pright+Pleft)/2:6:3,' áàð');
END.

ßçûê Ñè

/* Îïðåäåëåíèå äàâëåíèÿ, ïðè êîòîðîì êèïèò âîäà ñ çàäàííîé òåìïåðàòóðîé */
#include<stdio.h>
#include<string.h>
#define Nmax 50 /*Ìàêñèìàëüíîå ÷èñëî óçëîâ*/
#define N 14 /*×èñëî óçëîâ*/
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 double h,Xout,Yout,YSpline,dY;
 FILE *Fout;
 char *NameF[2]={
 "       1. F(x)=exp(x)",
 "       2. F(x)=ln(1+100*x*x)"};
 /*Ñâÿçûâàåì ëîãè÷åñêèé ôàéë Fout c "ôèçè÷åñêèì" - "Fout" - è îòêðûâàåì åãî íà çàïèñü */
 Fout=fopen("Fout","w");
 for (NF=0; NF<2; NF++)/*Öèêë ôóíêöèé*/
  {h=(Xmax[NF]-Xmin[NF])/N; /* øàã óçëîâ */
   /*Âû÷èñëÿåì óçëû è çíà÷åíèÿ òåñòèðóåìîé ôóíêöèè â íèõ*/
   for (i=0; i<=N; i++)
    {ax[i]=Xmin[NF]+i*h; ay[i]=F(NF,ax[i]);}
   /* Ãðàíè÷íûå óñëîâèÿ */
   BoundDer(NF);
   DerB=Der[NF][0]; DerE=Der[NF][1];
   /* Íàõîæäåíèå ìîìåíòîâ */
   MomSpline(N,ax,ay,mom,3,3,DerB,DerE);
   /* Çàãîëîâîê âûõîäíîé òàáëèöû */
   fprintf(Fout,"%.50s\n",NameF[NF]);
   fprintf(Fout,"nXout     F         YSpline   dY\n");
   /* Äëÿ êàæäîé òî÷êè âûâîäà íàõîäèì çíà÷åíèÿ òåñòèðóåìîé ôóíêöèè,
      èíòåðïîëÿöèîííîãî ñïëàéíà è îòíîñèòåëüíîãî îòêëîíåíèÿ ýòèõ âåëè÷èí â % */
   for (i=1; i<=N; i++) /*Öèêë òî÷åê âûâîäà*/
    {Xout=(ax[i-1]+ax[i])/2;
     Yout=F(NF,Xout); YSpline=Spline(ax,ay,mom,Xout);
     dY=(Yout-YSpline)/Yout*100;
     /* âûâîä  ñòðîêè âûõîäíîé òàáëèöû */
     fprintf(Fout,"%6.4f  %8.6f  %10.6f  %6.4f\n",
                            Xout,Yout,YSpline,dY);
    }                   /*Öèêë òî÷åê âûâîäà*/
 }                     /*Öèêë ôóíêöèé*/
 fclose(Fout);
}

ßçûê Áåéñèê

'Ïðîãðàììà òåñòèðîâàíèÿ èíòåðïîëÿöèîííûõ ñïëàéíîâ
DECLARE SUB BoundDer (NF%)
DECLARE SUB MomSpline (n%, ax#(), ay#(), mom#(), BC%(), Der#())
DECLARE FUNCTION F# (NF%, x#)
DECLARE FUNCTION Spline# (ax#(), ay#(), mom#(), x#)
DIM Nmax%: Nmax% = 50: 'Ìàêñèìàëüíîå ÷èñëî èíòåðâàëîâ
DIM n AS INTEGER: n = 16 '×èñëî èíòåðâàëîâ
DIM i AS INTEGER, NF AS INTEGER, nout AS INTEGER
DIM Xout AS DOUBLE, Yout AS DOUBLE, YSpline AS DOUBLE
DIM h AS DOUBLE, Der(1 TO 2) AS DOUBLE
DIM ax(0 TO Nmax%) AS DOUBLE, ay(0 TO Nmax%) AS DOUBLE
DIM mom(0 TO Nmax%) AS DOUBLE, BC(1 TO 2) AS INTEGER
DIM SHARED Der22(1 TO 2, 1 TO 2) AS DOUBLE
'Ãpàíè÷íûå óçëû
DIM SHARED Xmin(1 TO 2) AS DOUBLE, Xmax(1 TO 2) AS DOUBLE
Xmin(1) = 0: Xmax(1) = 2: Xmin(2) = -1: Xmax(2) = 1
DIM NameF(1 TO 2) AS STRING
NameF(1) = "       1. F(x)=exp(x)"
NameF(2) = "       2. F(x)=ln(1+100*x*x)"
'Îòêðûâàåì ôàéë "Fout" íà çàïèñü
'è äàåì åìó íîìåp #1
OPEN "Fout" FOR OUTPUT AS #1
FOR NF = 1 TO 2 'Öèêë ôóíêöèé
 h = (Xmax(NF) - Xmin(NF)) / n 'øàã óçëîâ
 'Âû÷èñëÿåì óçëû è çíà÷åíèÿ òåñòèðóåìîé ôóíêöèè â íèõ
 FOR i = 0 TO n
  ax(i) = Xmin(NF) + i * h: ay(i) = F#(NF, ax(i))
 NEXT i
 'Ãðàíè÷íûå óñëîâèÿ
 CALL BoundDer(NF)
 Der(1) = Der22(NF, 1): Der(2) = Der22(NF, 2)
 BC(1) = 3: BC(2) = 3
 'Íàõîæäåíèå ìîìåíòîâ
 CALL MomSpline(n, ax(), ay(), mom(), BC(), Der())
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void MomSpline(int n, double *ax, double *ay, double *mom,
             int begT, int endT, double derB, double derE)
{
...
}
double Spline(double *ax, double *ay, double *mom, double x)
{
...
}
void main ()
{char *Invitation1="\nÓêàæèòå òåìïåðàòóðó êèïåíèÿ âîäû",
      *Invitation2="â äèàïàçîíå îò 100 äî 200î Ñ";
 double aP[N]=/* ìàññèâ äàâëåíèé */
 {0.7,1,1.4,1.9,2.5,3.3,4.3,5.5,7,8.8,11,13.5,16,17};
 double aTb[N]=/* ìàññèâ òåìïåðàòóð */
 {89.96,99.63,109.32,118.62,127.43,136.82,146.25,
  155.47,164.96,174.40,184.06,193.35,201.37,204.30};
 double mom[N],Tb,Tb_mid,Pleft,Pright,Pmid;
 /*Îïðåäåëÿåì ìîìåíòû*/ MomSpline(N-1,aP,aTb,mom,2,2,0,0);
 strcat(Invitation1,Invitation2);
 do /* Ââîä òåìïåðàòóðû êèïåíèÿ */
  {printf(Invitation1); scanf("%lf",&Tb);}
 while ( 100>Tb || Tb>200);
 /*Çàäàåì ëåâóþ è ïðàâóþ ãðàíèöû ïîèñêà*/
 Pleft=1; Pright=16;
 /*Ïîèñê äåëåíèåì ïîïîëàì ñ ó÷åòîì ðîñòà òåìïåðàòóðû êèïåíèÿ ñ äàâëåíèåì */
 while (Pright-Pleft>0.001)
 {Pmid=(Pright+Pleft)/2;
  Tb_mid=Spline(aP,aTb,mom,Pmid);
  if (Tb_mid<Tb) Pleft=Pmid; else Pright=Pmid;
 }
 printf("\nÄàâëåíèå ñîñòàâëÿåò %6.3f áàp",(Pright+Pleft)/2);
}

ßçûê Áåéñèê

'Îïðåäåëåíèå äàâëåíèÿ, ïðè êîòîðîì êèïèò âîäà ñ çàäàííîé òåìïåðàòóðîé
DECLARE SUB MomSpline (n%, ax#(), ay#(), mom#(), BC%(), Der#())
DECLARE FUNCTION Spline# (ax#(), ay#(), mom#(), x#)
DIM n AS INTEGER: n = 13 '÷èñëî èíòåðâàëîâ
Invitation1$ = "Óêàæèòå òåìïåðàòóðó êèïåíèÿ âîäû "
Invitation2$ = "â äèàïàçîíå îò 100 äî 200î Ñ "
Invitation$ = Invitation1$ + Invitation2$
DIM aP(0 TO n) AS DOUBLE, aTb(0 TO n) AS DOUBLE
DIM mom(0 TO n) AS DOUBLE, i AS INTEGER
DATA 0.7,1,1.4,1.9,2.5,3.3,4.3,5.5,7,8.8,11,13.5,16,17
FOR i = 0 TO n: READ aP(i): NEXT i
'aTb(0)-aTb(6)
DATA 89.96,99.63,109.32,118.62,127.43,136.82,146.25
FOR i = 0 TO 6: READ aTb(i): NEXT i
'aTb(7)-aTb(n)
DATA 155.47,164.96,174.40,184.06,193.35,201.37,204.30
FOR i = 7 TO n: READ aTb(i): NEXT i
DIM Tb AS DOUBLE, TbMid AS DOUBLE
DIM Pleft AS DOUBLE, Pright AS DOUBLE, Pmid AS DOUBLE
DIM BC(1 TO 2) AS INTEGER, Der(1 TO 2) AS DOUBLE
BC(1) = 2: BC(2) = 2 'Ãpàíè÷íûå óñëîâèÿ
'Îïðåäåëÿåì ìîìåíòû
CALL MomSpline(n, aP(), aTb(), mom(), BC(), Der())
DO 'Ââîä òåìïåðàòóðû êèïåíèÿ
PRINT Invitation$: INPUT Tb
LOOP UNTIL 100 <= Tb AND Tb <= 200
'Çàäàåì ëåâóþ è ïðàâóþ ãðàíèöû ïîèñêà
Pleft = 1: Pright = 16
'Ïîèñê äåëåíèåì ïîïîëàì ñ ó÷åòîì ðîñòà òåìïåðàòóðû êèïåíèÿ ñ äàâëåíèåì
DO WHILE Pright - Pleft > .001
 Pmid = (Pright + Pleft) / 2
 TbMid = Spline(aP(), aTb(), mom(), Pmid)
 IF TbMid < Tb THEN Pleft = Pmid ELSE Pright = Pmid
LOOP
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end;{Case NF}
end;{BoundDer}
BEGIN
{Ñâÿçûâàåì ëîãè÷åñêèé ôàéë Fout c "ôèçè÷åñêèì" - 'Fout' è îòêðûâàåì åãî íà çàïèñü}
assign(Fout,'Fout'); rewrite(Fout);
for NF:=1 to 2 do begin{Öèêë ôóíêöèé}
 h:=(Xmax[NF]-Xmin[NF])/n; {øàã óçëîâ}
 {Âû÷èñëÿåì óçëû è çíà÷åíèÿ òåñòèðóåìîé ôóíêöèè â íèõ}
 for i:=0 to n do
  begin aX[I]:=Xmin[NF]+i*h; aY[i]:=F(NF,aX[I]) end;
 {Ãðàíè÷íûå óñëîâèÿ}
 BoundDer(NF);
 DerB:=Der[NF][1]; DerE:=Der[NF][2];
 {Íàõîæäåíèå ìîìåíòîâ}
 MomSpline(n,aX,aY,Mom,3,3,DerB,DerE);
 {Çàãîëîâîê âûõîäíîé òàáëèöû}
 writeln(Fout,NameF[NF]);
 writeln(Fout,'Xout     F         YSpline   dY');
 {Äëÿ êàæäîé òî÷êè âûâîäà íàõîäèì çíà÷åíèÿ òåñòèðóåìîé ôóíêöèè, èíòåðïîëÿöèîííîãî
ñïëàéíà è îòíîñèòåëüíîãî îòêëîíåíèÿ ýòèõ âåëè÷èí â %  }
  for i:=1 to n do begin{Öèêë òî÷åê âûâîäà}
   Xout:=(aX[i-1]+aX[i])/2;
   Yout:=F(NF,Xout); YSpline:=Spline(aX,aY,Mom,Xout);
   dY:=(Yout-YSpline)/Yout*100;
   {âûâîä  ñòðîêè âûõîäíîé òàáëèöû}
   writeln
   (Fout,Xout:6:4,'  ',Yout:9:7,' ',YSpline:10:7,' ',dY:7:4);
                    end;{Öèêë òî÷åê âûâîäà}
                   end;{Öèêë ôóíêöèé}
close(Fout);{Çàêpûâàåì ôàéë Fout}
END.

ßçûê Ñè

/*Ïðîãðàììà òåñòèðîâàíèÿ èíòåðïîëÿöèîííûõ ñïëàéíîâ*/
#include<stdio.h>
#include<math.h>
#define Nmax 50 /*Ìàêñèìàëüíîå ÷èñëî óçëîâ*/
int N=16; /*×èñëî èíòåðâàëîâ*/
double Xmin[2]={0,-1}; Xmax[2]={2,1};/*Ãðàíè÷íûå óçëû*/
double Der[2][2];/*ìàòpèöà ïðîèçâîäíûõ â ãpàí. óçëàõ*/
void MomSpline(int n, double *ax, double *ay, double *mom,
             int begT, int endT, double derB, double derE)
...
}
double Spline(double *ax, double *ay, double *mom, double x)
...
}
double F(int NF,double x)
/* Ôóíêöèè, äëÿ êîòîpûõ íàõîäÿòñÿ èíòåpïîëÿöèîííûå ñïëàéíû */
{switch (NF)
 {case 0: return exp(x);
  case 1: return log(1+100*x*x);
 }
}
void BoundDer(int NF)
/*Ïpîèçâîäíûå â ãpàíè÷íûõ òî÷êàõ*/
{switch (NF)
 {case 0:
   Der[0][0]=exp(Xmin[0]); Der[0][1]=exp(Xmax[0]);
   break;
  case 1:
   Der[1][0]=200*Xmin[1]/(1+100.0*Xmin[1]*Xmin[1]);
   Der[1][1]=200*Xmax[1]/(1+100.0*Xmax[1]*Xmax[1]);
   break;
 }
}
void main()
{int i,NF; double DerB,DerE;
 double ax[Nmax],ay[Nmax],mom[Nmax];
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Pmid = (Pright + Pleft) / 2
PRINT USING "& ##.### &"; "Äàâëåíèå ñîñòàâëÿåò "; Pmid; " áàð"
END

SUB MomSpline (n%, ax#(), ay#(), mom#(), BC%(), Der#())
...
END SUB

FUNCTION Spline# (ax#(), ay#(), mom#(), x#)
...
END FUNCTION

5. Èñïîëüçîâàíèå ñïëàéíîâ â ãðàôèêå
Êàæåòñÿ âïîëíå åñòåñòâåííîé è î÷åâèäíîé èäåÿ èñïîëüçîâàòü ñïëàéíû äëÿ ïðîâåäåíèÿ ãëàäêèõ êðèâûõ ÷åðåç

çàäàííûå òî÷êè.  Îäíàêî çäåñü âîçíèêàþò íåêîòîðûå òðóäíîñòè. Òàê, êðèâàÿ ìîæåò èìåòü âåðòèêàëüíóþ
êàñàòåëüíóþ, à ãðàôèê êóáè÷åñêîãî (äà è ëþáîãî) ìíîãî÷ëåíà  � íåò. Äëÿ ðÿäà êðèâûõ çàâèñèìîñòü îðäèíàòû
îò àáñöèññû íå âûðàæàåòñÿ îäíîçíà÷íîé ôóíêöèåé � îäíîé àáñöèññå ìîæåò ñîîòâåòñòâîâàòü íåñêîëüêî îðäè-
íàò. Òàêèå êðèâûå, êàê ñïèðàëè (Àðõèìåäà èëè ëîãàðèôìè÷åñêèå), èìåþò îáå óêàçàííûå îñîáåííîñòè. Íàêî-
íåö, êðèâûå ìîãóò áûòü çàìêíóòûìè  è ñàìîïåðåñåêàþùèìèñÿ.

Âñå ýòè òðóäíîñòè ïîçâîëÿþò ïðåîäîëåòü ïàðàìåòðè÷åñêèå ñïëàéíû. Åñëè äëÿ êàæäîé òî÷êè (x
i
, y

i
),

i = 0, 1, ..., n èçâåñòíî çíà÷åíèå íåêîòîðîãî ïàðàìåòðà ti, ïðè÷åì  ïîñëåäîâàòåëüíîñòü t
i
 ÿâëÿåòñÿ âîçðàñòàþùåé, òî

ìîæíî ïîñòðîèòü äâà ñïëàéíà: X è Y � ñïëàéíû, âûðàæàþùèå çàâèñèìîñòü àáñöèññû x  è îðäèíàòû y îò ïàðàìåòðà t,
ò.å. ïîëó÷èòü ôóíêöèè x(t) è y(t). Ïóñòü ïàðàìåòð t ïðîáåãàåò çíà÷åíèÿ îò t

0
 äî t

n
 ñ äîñòàòî÷íî ìàëûì øàãîì. Ñîåäèíÿÿ

ñîñåäíèå òî÷êè (x(t), y(t)) ïðÿìîëèíåéíûì îòðåçêîì, ïîëó÷àåì èíòåðåñóþùóþ íàñ êðèâóþ.
Êàê âûáðàòü ïàðàìåòð?  Äëÿ ïàðàìåòðèçàöèè êðèâûõ ÷àñòî èñïîëüçóþò ïîëÿðíûé óãîë è ïîëÿðíóþ ñèñòåìó

êîîðäèíàò. Ýòîò ñïîñîá ìîæåò ïîäîéòè è äëÿ ïàðàìåòðè÷åñêèõ ñïëàéíîâ, íî çäåñü íàäî ïðàâèëüíî âûáðàòü
ïîëîæåíèå ïîëþñà òàê, ÷òîáû ïîëÿðíûå óãëû óâåëè÷èâàëèñü ïðè ïåðåõîäå ê ñëåäóþùåé çàäàííîé òî÷êå êðèâîé,
÷òî èíîãäà çàòðóäíèòåëüíî. Â ïðèíöèïå ïàðàìåòð ìîæåò áûòü âûáðàí ïðîèçâîëüíî, äîñòàòî÷íî  êàæäîé çàäàí-
íîé òî÷êå ñîïîñòàâèòü êàêîå-òî  åãî çíà÷åíèå. Îäíàêî èíòóèöèÿ è âû÷èñëèòåëüíûå ýêñïåðèìåíòû ïîäñêàçûâà-
þò, ÷òî ðàçíîñòü çíà÷åíèé ïàðàìåòðà â ñîñåäíèõ çàäàííûõ òî÷êàõ äîëæíà áûòü ïðîïîðöèîíàëüíà ðàññòîÿíèþ
ìåæäó ýòèìè òî÷êàìè. Ìû ïðèõîäèì ê ïàðàìåòðó, êîòîðûé èìååò äîâîëüíî äëèííîå íàçâàíèå � íàêîïëåííàÿ
äëèíà õîðäû. Â óçëàõ çíà÷åíèå ýòîãî ïàðàìåòðà � ñóììà äëèí õîðä âñåõ ïðåäûäóùèõ èíòåðâàëîâ. Ïóñòü d

i
 �

äëèíà õîðäû  i�ãî èíòåðâàëà:

d
i
 = ( ) ( )x x y yi i i i− + −− −1

2
1

2 .

Òîãäà ïàðàìåòð â íóëåâîé òî÷êå t
0 
= 0, à ïðè i > 0

t
i 
= t

i � 1 
+ d

i 
, 

           
i = 1, ..., n.

Äîñòîèíñòâîì òàêîãî âûáîðà ïàðàìåòðà ÿâëÿåòñÿ åãî óíèâåðñàëüíîñòü � âîçðàñòàíèå ïàðàìåòðà ñ ðîñòîì
íîìåðà òî÷êè çäåñü ãàðàíòèðîâàíî.

Ïîñìîòðèì òåïåðü, êàê âûáèðàòü ãðàíè÷íûå óñëîâèÿ äëÿ ïàðàìåòðè÷åñêèõ ñïëàéíîâ ïðè âûáîðå â êà÷åñòâå
ïàðàìåòðà íàêîïëåííîé äëèíû õîðäû.

Ïóñòü ϕ � óãîë íàêëîíà ãðàíè÷íîé õîðäû (ïåðâîé èëè ïîñëåäíåé). Òîãäà ïðîèçâîäíàÿ îò x ïî ïàðàìåòðó t
â ãðàíè÷íîé òî÷êå âûðàæàåòñÿ êàê

dx
dt

 = cosϕ.

Ýòî îçíà÷àåò, ÷òî äëÿ  X-ñïëàéíà ïðîèçâîäíûå  â ãðàíè÷íûõ òî÷êàõ èçâåñòíû è ìîæíî èñïîëüçîâàòü  ãðàíè÷-
íîå óñëîâèå 3 äëÿ îáîèõ êîíöîâ. Äîïóñòèì òåïåðü, ÷òî â êàêîé-ëèáî ãðàíè÷íîé òî÷êå êðèâîé èçâåñòåí òàíãåíñ
óãëà íàêëîíà êàñàòåëüíîé g. Ïîñêîëüêó

g = 
dy
dx

,

òî ñ ó÷åòîì ïðåäûäóùåãî âûðàæåíèÿ ïðîèçâîäíàÿ îò y ïî ïàðàìåòðó t  èìååò âèä:

dy
dt

 = g cosϕ

� è äëÿ Y-ñïëàéíà â ñîîòâåòñòâóþùåé ãðàíè÷íîé òî÷êå òàêæå ìîæíî èñïîëüçîâàòü  ãðàíè÷íîå óñëîâèå 3. Íà
ïðàêòèêå âñòðå÷àþòñÿ ñëó÷àè, êîãäà íà÷àëüíûé èëè êîíå÷íûé ó÷àñòîê êðèâîé � ïðÿìîëèíåéíûé îòðåçîê è,
çíà÷èò, ñîâïàäàåò ñ õîðäîé. Ïðîèçâîäíàÿ îò y ïî ïàðàìåòðó t  â ýòîì ñëó÷àå åñòü ñèíóñ óãëà ϕ:

dy
dt

 = sinϕ
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4. Çà÷åì íóæíû ñïëàéíû
Êàçàëîñü áû, ìû âûÿñíèëè âñå âîïðîñû, êàñàþùèåñÿ ñïëàéíîâ, íî îñòàëñÿ îäèí, è âåñüìà ñóùåñòâåííûé:

çà÷åì îíè íóæíû? Îòâåò ïîäñêàçûâàåòñÿ óæå çàãëàâèåì ñòàòüè � ñïëàéíû èñïîëüçóþòñÿ äëÿ ðåøåíèÿ çàäà÷
èíòåðïîëÿöèè. Åñëè ñïëàéí ïîñòðîåí ñî çíà÷åíèÿìè ôóíêöèè F(x), ò.å. îðäèíàòû y

i 
= F(x

i
) ïðè i = 0, 1, ..., n,

òî îí ÿâëÿåòñÿ èíòåðïîëÿöèîííûì äëÿ ôóíêöèè F(x). Åñòåñòâåííî îæèäàòü, ÷òî ïðè äîñòàòî÷íîì ÷èñëå óçëîâ
èíòåðïîëÿöèîííûé ñïëàéí áóäåò õîðîøî àïïðîêñèìèðîâàòü ïîðîæäàþùóþ åãî ôóíêöèþ, îäíàêî (êàê è â
ñëó÷àå ñ èíòåðïîëÿöèîííûìè ìíîãî÷ëåíàìè Ëàãðàíæà) ýòî ïðåäïîëîæåíèå, ãèïîòåçà.

Îïÿòü âûïîëíèì èññëåäîâàíèå êà÷åñòâà àïïðîêñèìàöèè ôóíêöèé ñîîòâåòñòâóþùèìè èíòåðïîëÿöèîííûìè
ñïëàéíàìè. Ïðîâåðÿòü áóäåì òå æå ôóíêöèè, ÷òî è â ðàçäåëå 1, äëÿ ÷åãî ñîñòàâèì àíàëîãè÷íûå ïðîãðàììû.
Çíà÷åíèÿ ôóíêöèè è èíòåðïîëÿöèîííîãî ñïëàéíà áóäåì âû÷èñëÿòü òîëüêî ïîñðåäèíå ìåæäó óçëàìè. Äîïîëíè-
òåëüíî áóäåì íàõîäèòü ïðîöåíò îòêëîíåíèÿ çíà÷åíèé ôóíêöèè è èíòåðïîëÿöèîííîãî ñïëàéíà.

Äëÿ ñïëàéíîâ íàäî âûáðàòü òèï ãðàíè÷íûõ óñëîâèé. Ïðîèçâîäíûå âûáðàííûõ íàìè ôóíêöèé ëåãêî íàõîäÿòñÿ:

à)  exp exp′ =x x ;

á) Ïðîèçâîäíàÿ ôóíêöèè (1) èìååò âèä:

F R(x) = 
200

1 100 2
x

x+
.

Ïîýòîìó äëÿ îáåèõ ôóíêöèé íà êàæäîì êîíöå èñïîëüçóåì ãðàíè÷íîå óñëîâèå 3.
Ïðèâåäåì óêàçàííûå ïðîãðàììû:

ßçûê Ïàñêàëü

{Ïðîãðàììà òåñòèðîâàíèÿ èíòåðïîëÿöèîííûõ ñïëàéíîâ}
const Nmax=50;{Ìàêñèìàëüíîå ÷èñëî èíòåðâàëîâ}
type
tArr=array[0..Nmax] of double;
tArr2=array[1..2] of double;
const
NameF:array[1..2] of string[50]=(
'       1. F(x)=exp(x)',
'       2. F(x)=ln(1+100*x*x)');
n:byte=8;{×èñëî èíòåðâàëîâ}
Xmin:tArr2=(0,-1); Xmax:tArr2=(2,1); {Ãðàíè÷íûå óçëû}
var
i,NF:byte; DerB,DerE:double;
aX,aY,Mom:tArr;
Der:array[1..2] of tArr2;{ìàòpèöà ïðîèçâîäíûõ â ãpàí. óçëàõ}
h,Xout,Yout,YSpline,dY:double;
Fout:text;
procedure MomSpline(n:byte; var aX,aY,Mom:tArr;
             begT,EndT:byte; DerB,DerE:double);
...
end;{MomSpline}
function Spline(var aX,aY,Mom:tArr; x:double):double;
...
end;{Spline}
function F(NF:byte; x:double):double;
{Ôóíêöèè, äëÿ êîòîpûõ íàõîäÿòñÿ èíòåpïîëÿöèîííûå ñïëàéíû}
begin
Case NF of
1: F:=exp(x);
2: F:=ln(1+100*x*x);
end;{Case NF}
end;{F}
Procedure BoundDer(NF:byte);
{Ïpîèçâîäíûå â ãpàíè÷íûõ òî÷êàõ}
begin
Case NF of
1: begin
   Der[1][1]:=exp(Xmin[1]); Der[1][2]:=exp(Xmax[1]);
   end;
2: begin
   Der[2][1]:=200*Xmin[2]/(1+100*sqr(Xmin[2]));
   Der[2][2]:=200*Xmax[2]/(1+100*sqr(Xmax[2]));
   end;

20

� è îïÿòü-òàêè ìîæíî èñïîëüçîâàòü  ãðàíè÷íîå óñëîâèå 3. Â îñòàëüíûõ ñëó÷àÿõ äëÿ Y-ñïëàéíà ïðèäåòñÿ
èñïîëüçîâàòü  ãðàíè÷íîå óñëîâèå 2 � êâàäðàòè÷íîñòü ãðàíè÷íîãî ó÷àñòêà.

Ñåé÷àñ ìû ïðèâåäåì òåêñòû ïðîöåäóðû Curve, êîòîðàÿ ñ ïîìîùüþ ïàðàìåòðè÷åñêîãî ñïëàéíà ñòðîèò íà
ýêðàíå êðèâóþ. Ïðåæäå ÷åì ïåðåéòè ê èñõîäíûì äàííûì ýòîé ïðîöåäóðû, êîñíåìñÿ âîïðîñà î ñèñòåìàõ
êîîðäèíàò, ïðèìåíÿåìûõ â ãðàôè÷åñêèõ ïðîãðàììàõ. Êàê èçâåñòíî, ïîëîæåíèå ïèêñåëÿ íà ýêðàíå õàðàêòåðè-
çóåòñÿ ýêðàííîé ñèñòåìîé êîîðäèíàò: íà÷àëî êîîðäèíàò ðàñïîëîæåíî â ëåâîì âåðõíåì óãëó ýêðàíà, îñü X
íàïðàâëåíà âïðàâî, îñü Y � ñâåðõó âíèç. Ìû áóäåì òàêæå èñïîëüçîâàòü öåíòðàëüíóþ ñèñòåìó êîîðäèíàò:
íà÷àëî êîîðäèíàò ðàñïîëîæåíî â öåíòðå ýêðàíà, îñü X íàïðàâëåíà âïðàâî, îñü Y � ââåðõ (ñì. [5]).

Âåðíåìñÿ ê èñõîäíûì äàííûì ïðîöåäóðû Curve. Îíè âêëþ÷àþò:
� ×èñëî èíòåðâàëîâ N.
� Ìàññèâû êîîðäèíàò çàäàííûõ òî÷åê aX,aY. Ïðè ýòîì èìååòñÿ â âèäó ïðîèçâîëüíàÿ ñèñòåìà êîîðäèíàò, â

êîòîðîé ðàáîòàåò ïîëüçîâàòåëü.
� Öåíòðàëüíûå êîîðäèíàòû òî÷êè ïpèâÿçêè X0,Y0. Ïîä �òî÷êîé ïpèâÿçêè� ïîäðàçóìåâàåòñÿ  òî÷êà íà

ýêðàíå, ñîîòâåòñòâóþùàÿ íà÷àëó ïîëüçîâàòåëüñêîé ñèñòåìû êîîðäèíàò.
� Ìàñøòàá  M, ò.å. êîëè÷åñòâî ïèêñåëåé â åäèíèöå äëèíû ïîëüçîâàòåëÿ.
� Êîäû ãðàíè÷íûõ óñëîâèé Tb,Te. Ïîä÷åðêíåì âî èçáåæàíèå íåäîðàçóìåíèé, ÷òî ýòè êîäû îòëè÷àþòñÿ  îò

êîäîâ ãðàíè÷íûõ óñëîâèé, èñïîëüçóåìûõ â ïðîöåäóðå  MomSpline. (Òàì îíè èìåþò îáîçíà÷åíèÿ  BegT,
EndT. ) Çäåñü çíà÷åíèÿ êîäîâ ñëåäóþùèå:

1. Ãðàíè÷íûé ó÷àñòîê ÿâëÿåòñÿ ïðÿìîëèíåéíûì îòðåçêîì.
2. Ãðàíè÷íûé ó÷àñòîê � ïàðàáîëè÷åñêèé (êâàäðàòè÷íûé).
3. Êàñàòåëüíàÿ â ãðàíè÷íîé òî÷êå ãîðèçîíòàëüíà.
×èòàòåëü ìîæåò âîçðàçèòü, ÷òî, êàê ïîêàçàíî âûøå, ìîæíî áûëî áû îõâàòèòü è ñëó÷àé íàêëîííîé êàñàòåëü-

íîé, è áóäåò ñîâåðøåííî ïðàâ.  Ïðîñòî íà ïðàêòèêå ïðè ïðîâåäåíèè êðèâûõ ÷åðåç òî÷êè î çíà÷åíèÿõ íàêëîíà
êàñàòåëüíûõ (ò.å. î ïðîèçâîäíûõ) îáû÷íî íè÷åãî íå èçâåñòíî. Èñêëþ÷åíèå ñîñòàâëÿþò çàìêíóòûå êðèâûå, ó
êîòîðûõ íà÷àëüíàÿ (îíà æå êîíå÷íàÿ) òî÷êà ñàìàÿ âåðõíÿÿ èëè ñàìàÿ íèæíÿÿ; òîãäà êàñàòåëüíàÿ â íåé
çàâåäîìî ãîðèçîíòàëüíà.  Ïîýòîìó ìû è îãðàíè÷èëèñü ñëó÷àåì ãîðèçîíòàëüíîé êàñàòåëüíîé. Ïðè æåëàíèè
ìîæíî ìîäèôèöèðîâàòü ïðèâîäèìûå ïðîöåäóðû òàê, ÷òîáû ó÷åñòü îáùèé ñëó÷àé.

ßçûê Ïàñêàëü

procedure Curve(var Ax,aY:tArr; X0,Y0:integer;
                M:double; N:byte; Tb,Te:byte);
{Ñ ïîìîùüþ ïàðàìåòðè÷åñêîãî ñïëàéíà ñòðîèòñÿ íà ýêðàíå êðèâàÿ ïî âõîäíûì âåëè÷èíàì:
aX,aY - ìàññèâû êîîðäèíàò óçëîâûõ òî÷åê;
X0,Y0 - öåíòðàëüíûå êîîðäèíàòû òî÷êè ïpèâÿçêè;
M - ìàñøòàá; N - ÷èñëî èíòåðâàëîâ;
Tb,Te - êîäû ãðàíè÷íûõ óñëîâèé}
const NStep=10;{×èñëî øàãîâ íà èíòåðâàëå}
var
aChord,aAcCh,MomX,MomY:tArr;
DerBy,DerEy,X,Y,t,DerBx,DerEx:double;
Xb,Xe,Yb,Ye:integer;
BegTy,EndTy,j,i:byte;
begin
aAcCh[0]:=0;{Íàêîïëåííàÿ õîpäà â íà÷àëüíîé òî÷êå}
{Âû÷èñëåíèå ìàññèâîâ õîpä aChord è íàêîïëåííûõ õîpä aAcCh}
for i:=1 to N do begin
aChord[i]:=sqrt(sqr(aX[i]-aX[i-1])+sqr(aY[i]-aY[i-1]));
aAcCh[i]:=aAcCh[i-1]+aChord[i];
                   end;
{Ïðîèçâîäíûå x ïî ïàðàìåòðó â ãðàíè÷íûõ òî÷êàõ - êîñèíóñû óãëà íàêëîíà õîðäû}
DerBx:=(aX[1]-aX[0])/aChord[1];
DerEx:=(aX[N]-aX[N-1])/aChord[N];
Case Tb of
1: begin {Íà÷. ó÷àñòîê - ïpÿìàÿ ëèíèÿ}
    BegTy:=3;
    DerBy:=(aY[1]-aY[0])/aChord[1];{sin óãëà íàêëîíà õîðäû}
    end; {Íà÷. ó÷àñòîê - ïpÿìàÿ ëèíèÿ}
 2: BegTy:=2;{Ïàpàáîëè÷åñêèé íà÷. ó÷àñòîê}
 3: begin{Ãîpèçîíòàëüíàÿ êàñàòåëüíàÿ}
     BegTy:=3; DerBy:=0
     end;{Ãîpèçîíòàëüíàÿ êàñàòåëüíàÿ}
end;{Case}
Case Te of
1: begin{Êîí. ó÷àñòîê - ïpÿìàÿ ëèíèÿ}
    EndTy:=3;
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ßçûê Áåéñèê

SUB MomSpline (n%, aX#(), aY#(), Mom#(), BC%(), Der#())
'Íàõîæäåíèå ìîìåíòîâ ñïëàéíà Mom.
'n% - ÷èñëî èíòåpâàëîâ;
'aX,aY - ìàññèâû óçëîâ è îðäèíàò;
'BC%(1 TO 2) - êîäû óñëîâèÿ íà êîíöàõ;
'Der#(1 TO 2) - ïðîèçâîäíûå â êîíöåâûõ óçëàõ.
'Åñëè êîä ãðàíè÷íîãî óñëîâèÿ îòëè÷åí îò 3, òî çíà÷åíèå ïðîèçâîäíîé - ïðîèçâîëüíîå
DIM i AS INTEGER, Z#, r#, S#, u#, v#
DIM BegT%, EndT%, DerB#, DerE#
DIM Q#(1 TO n%), k#(1 TO n%), P#(1 TO n%), H#(1 TO n%)
'h,k - ìàññèâû øàãîâ è óãëîâûõ êîýôôèöèåíòîâ
'P,Q - ìàññèâû ïðîãîíî÷íûõ êîýôôèöèåíòîâ
BegT% = BC%(1): EndT% = BC%(2)
DerB# = Der#(1): DerE# = Der#(2)
FOR i = 1 TO n%
'Øàã è óãëîâîé êîýôôèöèåíò íà i-ì èíòåðâàëå
 H#(i) = aX#(i) - aX#(i - 1)
 k#(i) = (aY#(i) - aY#(i - 1)) / H#(i)
NEXT i
SELECT CASE BegT%
CASE 1 'Ñâîáîäíûé íà÷. óçåë: íà÷. ìîìåíò=0
r# = 0: S# = 0
CASE 2 'Êâàäðàòè÷íûé íà÷. îòðåçîê: mom[0]=mom[1]
r# = 1: S# = 0
CASE 3 'Â íà÷. óçëå çàäàíà ïðîèçâîäíàÿ derB
r# = -.5: S# = 3 * (k#(1) - DerB#) / H#(1)
END SELECT
SELECT CASE EndT%
CASE 1 'Ñâîáîäíûé êîí. óçåë: êîí. ìîìåíò=0
u# = 0: v# = 0
CASE 2 'Êâàäðàòè÷íûé êîí. îòðåçîê: mom[n-1]=mom[n]
u# = 1: v# = 0
CASE 3 'Â êîí. óçëå çàäàíà ïðîèçâîäíàÿ derE
u# = -2: v# = 6 * (DerE# - k#(n%)) / H#(n%)
END SELECT
P#(1) = r#: Q#(1) = S#
FOR i = 1 TO n% - 1 'Ïðÿìîé õîä ïðîãîíêè
 Z# = H#(i) * P#(i) + 2 * (H#(i) + H#(i + 1))
 P#(i + 1) = -H#(i + 1) / Z#
 Q#(i + 1) = (6 * (k#(i + 1) - k#(i)) - H#(i) * Q#(i)) / Z#
NEXT i              'Ïðÿìîé õîä ïðîãîíêè
'Ìîìåíò íà ïðàâîì êîíöå
Mom#(n%) = (Q#(n%) - v#) / (u# - P#(n%))
'Îáðàòíûé õîä ïðîãîíêè - îïpåäåëåíèå ìîìåíòîâ
FOR i = n% - 1 TO 0 STEP -1
 Mom#(i) = P#(i + 1) * Mom#(i + 1) + Q#(i + 1)
NEXT i
END SUB

FUNCTION Spline# (aX#(), aY#(), Mom#(), X#)
'Íàõîæäåíèå çíà÷åíèÿ ñïëàéíà â òî÷êå x, ëåæàùåé âíóòpè
'ïpîìåæóòêà  aX(0),aX(n). Ñïëàéí çàäàí ìàññèâàìè óçëîâ aX,
'îðäèíàò aY, ìîìåíòîâ Mom.
DIM i AS INTEGER, H AS DOUBLE, h1 AS DOUBLE, h2 AS DOUBLE
DIM a1 AS DOUBLE, a3 AS DOUBLE, b1 AS DOUBLE, b3 AS DOUBLE
'ïîèñê èíòåpâàëà, ñîäåpæàùåãî òî÷êó x
i = 1
DO WHILE NOT (aX#(i - 1) <= X# AND X# <= aX#(i))
i = i + 1
LOOP
H = aX#(i) - aX#(i - 1)
h1 = aX#(i) - X#: h2 = X# - aX#(i - 1)
a3 = Mom#(i - 1) / (6 * H): b3 = Mom#(i) / (6 * H)
a1 = aY#(i - 1) / H - Mom#(i - 1) * H / 6
b1 = aY#(i) / H - Mom#(i) * H / 6
h13# = h1 * h1 * h1: h23# = h2 * h2 * h2
Spline = a3 * h13# + b3 * h23# + a1 * h1 + b1 * h2
END FUNCTION
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    DerEy:=(aY[N]-aY[N-1])/aChord[N];{sin óãëà íàêëîíà õîðäû}
    end;{Êîí. ó÷àñòîê - ïpÿìàÿ ëèíèÿ}
 2: EndTy:=2;{Ïàpàáîëè÷åñêèé êîí. ó÷àñòîê}
 3: begin{Ãîpèçîíòàëüíàÿ êàñàòåëüíàÿ â êîí. òî÷êå}
     EndTy:=3; DerEy:=0
     end;{Ãîpèçîíòàëüíàÿ êàñàòåëüíàÿ â êîí. òî÷êå}
end;{Case}
{Ìîìåíòû ñïëàéíà àáñöèññ}
MomSpline(N,aAcCh,aX,MomX,3,3,DerBx,DerEx);
{Ìîìåíòû ñïëàéíà îðäèíàò}
MomSpline(N,aAcCh,aY,MomY,BegTy,EndTy,DerBy,DerEy);
{Ýêðàííûå êîîðäèíàòû íà÷àëüíîé òî÷êè}
Xb:=Xscr(X0+round(M*aX[0]));
Yb:=Yscr(Y0+round(M*aY[0]));
for i:=1 to N do {Öèêë ó÷àñòêîâ êðèâîé}
 for j:=1 to Nstep do begin{Öèêë øàãîâ èíòåðâàëà}
  t:=aAcCh[i-1]+aChord[i]/Nstep*j;{Ïàðàìåòð}
  X:=Spline(aAcCh,aX,MomX,t);{Êîîðäèíàòû î÷åðåäíîé}
  Y:=Spline(aAcCh,aY,MomY,t);{òî÷êè êðèâîé        }
  Xe:=Xscr(X0+round(M*X));{Ýêðàííûå êîîðäèíàòû   }
  Ye:=Yscr(Y0+round(M*Y));{î÷åðåäíîé òî÷êè êðèâîé}
  line(Xb,Yb,Xe,Ye);{Ñîåäèíÿåì ïðåäûäóùóþ è î÷åðåäíóþ òî÷êè}
  Xb:=Xe; Yb:=Ye; {Î÷åðåäíàÿ òî÷êà ñòàíîâèòñÿ ïðåäûäóùåé}
                       end;{Öèêë øàãîâ èíòåðâàëà}
end;{Curve}

ßçûê Ñè

void Curve (int X0,int Y0, double M, int N, int Tb, int Te)
/* Ñ ïîìîùüþ ïàðàìåòðè÷åñêîãî ñïëàéíà ñòðîèòñÿ íà ýêðàíå êðèâàÿ ïî âõîäíûì âåëè÷èíàì:
   X0,Y0 - öåíòðàëüíûå êîîðäèíàòû íà÷àëà êîîðäèíàò;
   M - ìàñøòàá; N - ÷èñëî èíòåðâàëîâ;
   aX,AY - ìàññèâû óçëîâ è îðäèíàò;
   Tb,Te - êîäû ãðàíè÷íûõ óñëîâèé.   */
{double aChord[Nmax],aAcCh[Nmax],MomX[Nmax],MomY[Nmax];
 double X,Y,t,DerBx,DerEx,DerBy,DerEy,dx,dy;
 int NStep=10,Xb,Xe,Yb,Ye,i,j,BegTy,EndTy;
 aAcCh[0]=0;/*Íàêîïëåííàÿ õîpäà â íà÷. òî÷êå*/
 /*Âû÷èñëåíèå ìàññèâîâ õîpä aChord  è íàêîïëåííûõ õîpä aAcCh*/
 for (i=1; i<=N; i++)
  {dx=aX[i]-aX[i-1]; dy=aY[i]-aY[i-1];
   aChord[i]=sqrt(dx*dx+dy*dy);
   aAcCh[i]=aAcCh[i-1]+aChord[i];
  }
 /*Ïðîèçâîäíûå x ïî ïàðàìåòðó â ãðàíè÷íûõ òî÷êàõ - êîñèíóñû óãëà íàêëîíà õîðäû */
 DerBx=(aX[1]-aX[0])/aChord[1];
 DerEx=(aX[N]-aX[N-1])/aChord[N];
 switch(Tb)
 {case 1:/* Íà÷. ó÷àñòîê - ïpÿìàÿ ëèíèÿ*/
   BegTy=3;
   DerBy=(aY[1]-aY[0])/aChord[1];/*sin óãëà íàêëîíà õîðäû*/
   break;
  case 2: BegTy=2; break;/*Ïàpàáîëè÷åñêèé íà÷. ó÷àñòîê*/
  case 3:/*Ãîpèçîíòàëüíàÿ êàñàòåëüíàÿ â íà÷. òî÷êå*/
   BegTy=3; DerBy=0; break;
 }
 switch(Te)
 {case 1:/* Êîí. ó÷àñòîê - ïpÿìàÿ ëèíèÿ*/
   EndTy=3;
   DerEy=(aY[N]-aY[N-1])/aChord[N];/*sin óãëà íàêëîíà õîðäû*/
   break;
  case 2: EndTy=2; break;/*Ïàpàáîëè÷åñêèé êîí. ó÷àñòîê*/
  case 3:/*Ãîpèçîíòàëüíàÿ êàñàòåëüíàÿ â êîí. òî÷êå*/
   EndTy=3; DerEy=0; break;
 }
 /*Ìîìåíòû ñïëàéíà àáñöèññ*/
 MomSpline(N,aAcCh,aX,MomX,3,3,DerBx,DerEx);
 /*Ìîìåíòû ñïëàéíà îðäèíàò*/
 MomSpline(N,aAcCh,aY,MomY,BegTy,EndTy,DerBy,DerEy);
 /*Ýêðàííûå êîîðäèíàòû íà÷àëüíîé òî÷êè*/
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i:=1; while not ((aX[I-1]<=x) and (x<=aX[I])) do Inc(I);
{Âû÷èñëåíèå çíà÷åíèÿ ñïëàéíà}
h:=aX[I]-aX[I-1];
h1:=aX[I]-x; h2:=x-aX[I-1];
a3:=Mom[I-1]/(6*h); b3:=Mom[I]/(6*h);
a1:=aY[I-1]/h-Mom[I-1]*h/6;
b1:=aY[I]/h-Mom[I]*h/6;
Spline:=a3*h1*h1*h1+b3*h2*h2*h2+a1*h1+b1*h2;
end;{Spline}

ßçûê Ñè

void MomSpline(int n, double *ax, double *ay, double *mom,
             int begT, int endT, double derB, double derE)
/* Íàõîæäåíèå ìàññèâà ìîìåíòîâ ñïëàéíà Mom;
   ax,ay - ìàññèâû óçëîâ è îðäèíàò;
   begT,endT - êîäû óñëîâèÿ íà ëåâîì è ïðàâîì êîíöå;
   derB,derE - ïðîèçâîäíàÿ â ñîîòâåòñòâóþùåì êîíöåâîì óçëå.
 Åñëè êîä ãðàíè÷íîãî óñëîâèÿ îòëè÷åí îò 3, òî çíà÷åíèå ïðîèçâîäíîé - ïðîèçâîëüíîå */
{int i; double h[Nmax],k[Nmax],P[Nmax],Q[Nmax];
 /* h,k - ìàññèâû øàãîâ è óãëîâûõ êîýôôèöèåíòîâ
    P,Q - ìàññèâû ïðîãîíî÷íûõ êîýôôèöèåíòîâ */
 double Z,r,s,u,v;
 /*mom[0]=r*mom[1]+s; mom[n-1]=u*mom[n]+v*/
 for (i=1; i<=n; i++)
  /* Øàã è óãëîâîé êîýôôèöèåíò i-ãî èíòåðâàëà */
  {h[i]=ax[i]-ax[i-1];
   k[i]=(ay[i]-ay[i-1])/h[i];
  }
  switch(begT)
  {case 1: /* Ñâîáîäíûé íà÷. óçåë: íà÷. ìîìåíò=0 */
   r=0; s=0; break;
   case 2: /* Êâàäðàòè÷íûé íà÷. îòðåçîê: Mom[0]=Mom[1] */
   r=1; s=0; break;
   case 3: /* Â íà÷. óçëå çàäàíà ïðîèçâîäíàÿ derB */
   r=-0.5; s=3*(k[1]-derB)/h[1]; break;
  }
  switch(endT)
  {case 1: /* Ñâîáîäíûé êîí. óçåë: êîí. ìîìåíò=0 */
   u=0; v=0; break;
   case 2: /* Êâàäðàòè÷íûé êîí. îòðåçîê: mom[n-1]=mom[n] */
   u=1; v=0; break;
   case 3: /* Â êîí. óçëå çàäàíà ïðîèçâîäíàÿ derE */
   u=-2; v=6*(derE-k[n])/h[n]; break;
  }
  P[1]=r;   Q[1]=s;
  for (i=1; i<n; i++) /* Ïðÿìîé õîä ïðîãîíêè */
   {Z=h[i]*P[i]+2*(h[i]+h[i+1]);
    P[i+1]=-h[i+1]/Z;
    Q[i+1]=(6*(k[i+1]-k[i])-h[i]*Q[i])/Z;
   }                  /* Ïðÿìîé õîä ïðîãîíêè */
  mom[n]=(Q[n]-v)/(u-P[n]); /*Ìîìåíò íà ïðàâîì êîíöå*/
  /*Îáðàòíûé õîä ïðîãîíêè - îïpåäåëåíèå ìîìåíòîâ*/
  for (i=n-1; i>=0; i�) mom[i]=P[i+1]*mom[i+1]+Q[i+1];
}

double Spline(double *ax, double *ay, double *mom, double x)
/* Íàõîæäåíèå çíà÷åíèÿ ñïëàéíà â òî÷êå x, ëåæàùåé âíóòpè ïpîìåæóòêà ax[0],ay[n].
Ñïëàéí çàäàí ìàññèâàìè óçëîâ ax, îðäèíàò ay, ìîìåíòîâ mom  */
{int i; double h,h1,h2,a3,b3,a1,b1;
 /* Ïîèñê èíòåpâàëà, ñîäåpæàùåãî òî÷êó x */
 i=1; while (! ( ax[i-1]<=x && x<=ax[i])) i++;
 /* Âû÷èñëåíèå çíà÷åíèÿ ñïëàéíà */
 h=ax[i]-ax[i-1];
 h1=ax[i]-x; h2=x-ax[i-1];
 a3=mom[i-1]/(6*h); b3=mom[i]/(6*h);
 a1=ay[i-1]/h-mom[i-1]*h/6;
 b1=ay[i]/h-mom[i]*h/6;
 return a3*h1*h1*h1+b3*h2*h2*h2+a1*h1+b1*h2;
}

22
 Xb=Xscr(X0+round(M*aX[0]));
 Yb=Yscr(Y0+round(M*aY[0]));
 for (i=1; i<=N; i++) /*Öèêë ó÷àñòêîâ êðèâîé*/
 for (j=1; j<=NStep; j++)/*Öèêë øàãîâ èíòåðâàëà*/
  {t=aAcCh[i-1]+aChord[i]/NStep*j;/*Ïàðàìåòð*/
  X=Spline(aAcCh,aX,MomX,t);/*Êîîðäèíàòû î÷åðåäíîé*/
  Y=Spline(aAcCh,aY,MomY,t);/*òî÷êè êðèâîé*/
  Xe=Xscr(X0+round(M*X));/*Ýêðàííûå êîîðäèíàòû*/
  Ye=Yscr(Y0+round(M*Y));/*î÷åðåäíîé òî÷êè êðèâîé*/
  line(Xb,Yb,Xe,Ye);/*Ñîåäèíÿåì ïðåäûäóùóþ è î÷åðåäíóþ òî÷êè*/
  Xb=Xe; Yb=Ye; /*Î÷åðåäíàÿ òî÷êà ñòàíîâèòñÿ ïðåäûäóùåé*/
  }                      /*Öèêë øàãîâ èíòåðâàëà*/
}

ßçûê Áåéñèê

SUB Curve (aX#(), aY#(), M#, Param%())
'Ñ ïîìîùüþ ïàðàìåòðè÷åñêîãî ñïëàéíà ñòðîèòñÿ íà ýêðàíå êðèâàÿ ïî âõîäíûì âåëè÷èíàì:
'aX,AY - êîîðäèíàòû óçëîâûõ òî÷åê
'M - ìàñøòàá;
'Ýëåìåíòàìè ìàññèâà Param ÿâëÿþòñÿ:
'X0,Y0 - öåíòðàëüíûå êîîðäèíàòû òî÷êè ïpèâÿçêè;
'N - ÷èñëî èíòåðâàëîâ;
'Tb,Te - êîäû ãðàíè÷íûõ óñëîâèé; ColorC - öâåò êpèâîé.
DIM X0%, Y0%, n%, Tb%, Te%, ColorC%
Nstep% = 10 '×èñëî øàãîâ íà èíòåðâàëå
X0% = Param%(1): Y0% = Param%(2): n% = Param%(3)
Tb% = Param%(4): Te% = Param%(5): ColorC% = Param%(6)
DIM aChord#(1 TO n%)
DIM aAcCh#(0 TO n%), MomX#(0 TO n%), MomY#(0 TO n%)
DIM DerX#(1 TO 2), DerY#(1 TO 2), X#, Y#, t#, dx#, dy#
DIM BCx%(1 TO 2), BCy%(1 TO 2), Xb%, Xe%, Yb%, Ye%, j%, i%
aAcCh#(0) = 0 'Íàêîïëåííàÿ õîpäà â íà÷. òî÷êå
'Âû÷èñëåíèå ìàññèâîâ õîpä aChord  è íàêîïëåííûõ õîpä aAcCh
FOR i% = 1 TO n%
 dx# = aX#(i%) - aX#(i% - 1): dy# = aY#(i%) - aY#(i% - 1)
 aChord#(i%) = SQR(dx# * dx# + dy# * dy#)
 aAcCh#(i%) = aAcCh#(i% - 1) + aChord#(i%)
NEXT i%
'Ïðîèçâîäíûå x ïî ïàðàìåòðó â ãðàíè÷íûõ òî÷êàõ - êîñèíóñû óãëà íàêëîíà õîðäû
DerX#(1) = (aX#(1) - aX#(0)) / aChord#(1)
DerX#(2) = (aX#(n%) - aX#(n% - 1)) / aChord#(n%)
BCx%(1) = 3: BCx%(2) = 3 'ãpàí. óñëîâèÿ X-ñïëàéíà
SELECT CASE Tb%
 CASE 1 'Íà÷. ó÷àñòîê - ïpÿìàÿ ëèíèÿ
  BCy%(1) = 3
  DerY#(1) = (aY#(1) - aY#(0)) / aChord#(1)
 CASE 2 'Ïàpàáîëè÷åñêèé íà÷. ó÷àñòîê
  BCy%(1) = 2
 CASE 3 'Ãîpèçîíòàëüíàÿ êàñàòåëüíàÿ
  BCy%(1) = 3: DerY#(1) = 0
END SELECT
SELECT CASE Te%
 CASE 1 'Êîí. ó÷àñòîê - ïpÿìàÿ ëèíèÿ
  BCy%(2) = 3
  DerY#(2) = (aY#(n%) - aY#(n% - 1)) / aChord#(n%)
 CASE 2 'Ïàpàáîëè÷åñêèé êîí. ó÷àñòîê
  BCy%(2) = 2
 CASE 3 'Ãîpèçîíòàëüíàÿ êàñàòåëüíàÿ
  BCy%(2) = 3: DerY#(2) = 0
END SELECT
'Ìîìåíòû ñïëàéíà àáñöèññ
CALL MomSpline(n%, aAcCh#(), aX#(), MomX#(), BCx%(), DerX#())
'Ìîìåíòû ñïëàéíà îðäèíàò
CALL MomSpline(n%, aAcCh#(), aY#(), MomY#(), BCy%(), DerY#())
'Ýêðàííûå êîîðäèíàòû íà÷àëüíîé òî÷êè
Xb% = Xscr%(X0% + Round%(M# * aX#(0)))
Yb% = Yscr%(Y0% + Round%(M# * aY#(0)))
FOR i% = 1 TO n% 'Öèêë ó÷àñòêîâ êðèâîé
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Ïðåäñòàâèì òåïåðü  ïðîöåäóðó
MomSpline(n,aX,aY,Mom,BegT,EndT,DerB,DerE)

è ôóíêöèþ Spline(aX,aY,Mom,x).
Ïðîöåäóðà MomSpline íàõîäèò ìàññèâ ìîìåíòîâ ñïëàéíà Mom íà îñíîâàíèè çàäàííîãî ÷èñëà èíòåðâàëîâ n,

ìàññèâîâ óçëîâ aX è îðäèíàò aY, êîäîâ óñëîâèé íà ëåâîì è ïðàâîì êîíöå BegT,EndT è ïðîèçâîäíûõ â
ãðàíè÷íûõ óçëàõ DerB,DerE. Êîäû ãðàíè÷íûõ óñëîâèé ñëåäóþùèå:
1 � ñâîáîäíûé êîíåö ñ íóëåâûì ìîìåíòîì;
2 � êâàäðàòè÷íûé (ïàðàáîëè÷åñêèé) êîíöåâîé îòðåçîê;
3 � â êîíöåâîì óçëå çàäàíà ïðîèçâîäíàÿ.
Åñëè êîä ãðàíè÷íîãî óñëîâèÿ îòëè÷åí îò 3, òî çíà÷åíèå ïðîèçâîäíîé â ñîîòâåòñòâóþùåì óçëå � ïðîèçâîëüíîå.
Ôóíêöèÿ Spline íàõîäèò çíà÷åíèå ñïëàéíà, çàäàííîãî ìàññèâàìè óçëîâ, îðäèíàò è ìîìåíòîâ, â òî÷êå x.

ßçûê Ïàñêàëü

procedure MomSpline(n:byte; var aX,aY,Mom:tArr;
             begT,EndT:byte; DerB,DerE:double);
{Íàõîæäåíèå ìàññèâà ìîìåíòîâ ñïëàéíà Mom;
 aX,aY - ìàññèâû óçëîâ è îðäèíàò;
 BegT,EndT - êîäû óñëîâèÿ íà ëåâîì è ïðàâîì êîíöå;
 DerB,DerE - ïðîèçâîäíàÿ â ñîîòâåòñòâóþùåì êîíöåâîì óçëå.
 Åñëè êîä ãðàíè÷íîãî óñëîâèÿ îòëè÷åí îò 3, òî çíà÷åíèå ïðîèçâîäíîé - ïðîèçâîëüíîå}
var
I:byte;
h,k,P,Q:tArr;{h,k - ìàññèâû øàãîâ è óãëîâûõ êîýôôèöèåíòîâ.
             P,Q - ìàññèâû ïðîãîíî÷íûõ êîýôôèöèåíòîâ.    }
Z,r,s,u,v:double;{Mom[0]=r*Mom[1]+s; Mom[n-1]=u*Mom[n]+v}
begin
for I:=1 to n do begin
 {Øàã è óãëîâîé êîýôôèöèåíò i-ãî èíòåðâàëà}
 h[I]:=aX[I]-aX[I-1];
 k[I]:=(aY[I]-aY[I-1])/h[I];
                  end;
Case BegT of
1:{Ñâîáîäíûé íà÷. óçåë: íà÷. ìîìåíò=0}
  begin r:=0; s:=0 end;
2:{Êâàäðàòè÷íûé íà÷. îòðåçîê: Mom[0]=Mom[1]}
  begin r:=1; s:=0 end;
3:{Â íà÷. óçëå çàäàíà ïðîèçâîäíàÿ DerB}
  begin r:=-0.5; s:=3*(k[1]-DerB)/h[1] end;
end;{Case BegT}
Case EndT of
1:{Ñâîáîäíûé êîí. óçåë: êîí. ìîìåíò=0}
  begin u:=0; v:=0 end;
2:{Êâàäðàòè÷íûé êîí. îòðåçîê: Mom[n-1]=Mom[n]}
  begin u:=1; v:=0 end;
3:{Â êîí. óçëå çàäàíà ïðîèçâîäíàÿ DerE}
  begin u:=-2; v:=6*(DerE-k[n])/h[n]; end;
end;{Case EndT}
P[1]:=r; Q[1]:=s;
for I:=1 to n-1 do begin{Ïðÿìîé õîä ïðîãîíêè}
Z:=h[I]*P[I]+2*(h[I]+h[I+1]);
P[I+1]:=-h[I+1]/Z;
Q[I+1]:=(6*(k[I+1]-k[I])-h[I]*Q[I])/Z;
                    end;{Ïðÿìîé õîä ïðîãîíêè}
Mom[n]:=(Q[n]-v)/(u-P[n]);{Ìîìåíò íà ïðàâîì êîíöå}
{Îáðàòíûé õîä ïðîãîíêè - îïpåäåëåíèå ìîìåíòîâ}
For I:=n-1 downto 0 do
Mom[I]:=P[I+1]*Mom[I+1]+Q[I+1];
end;{MomSpline}

function Spline(var aX,aY,Mom:tArr; x:double):double;
{Íàõîæäåíèå çíà÷åíèÿ ñïëàéíà â òî÷êå x, ëåæàùåé âíóòpè ïpîìåæóòêà aX[0],aX[n]. Ñïëàéí
çàäàí ìàññèâàìè óçëîâ aX, îðäèíàò aY, ìîìåíòîâ Mom}
var
I:byte;
h,h1,h2,a3,b3,a1,b1:double;
begin
{Ïîèñê èíòåpâàëà, ñîäåpæàùåãî òî÷êó x}
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 FOR j% = 1 TO Nstep% 'Öèêë øàãîâ èíòåðâàëà
  t# = aAcCh#(i% - 1) + aChord#(i%) / Nstep% * j% 'Ïàðàìåòð
  'Êîîðäèíàòû î÷åðåäíîé òî÷êè êðèâîé
  X# = Spline(aAcCh#(), aX#(), MomX#(), t#)
  Y# = Spline(aAcCh#(), aY#(), MomY#(), t#)
  'Ýêðàííûå êîîðäèíàòû î÷åðåäíîé òî÷êè êðèâîé
  Xe% = Xscr%(X0% + Round%(M# * X#))
  Ye% = Yscr%(Y0% + Round%(M# * Y#))
  'Ñîåäèíÿåì ïðåäûäóùóþ è î÷åðåäíóþ òî÷êè
  LINE (Xb%, Yb%)-(Xe%, Ye%), ColorC%
  'Î÷åðåäíàÿ òî÷êà ñòàíîâèòñÿ ïðåäûäóùåé
  Xb% = Xe%: Yb% = Ye%
 NEXT j%              'Öèêë øàãîâ èíòåðâàëà
NEXT i%          'Öèêë ó÷àñòêîâ êðèâîé
END SUB

×òîáû ïðîâåðèòü ðàáîòó ýòîé ïðîöåäóðû, ñîñòàâèì ïðîãðàììó, èçîáðàæàþùóþ ñ ïîìîùüþ ïàðàìåòðè÷åñêèõ
ñïëàéíîâ äâå êðèâûå: ýëëèïñ è ñïèðàëü Àðõèìåäà. Èñïîëüçóÿ èçâåñòíûå óðàâíåíèÿ ýòèõ êðèâûõ, âû÷èñëèì êîîð-
äèíàòû ìàññèâà òî÷åê, ïîñëå ÷åãî, îáðàùàÿñü ê ïðîöåäóðå Curve, ïðîâåäåì íà ýêðàíå ñàìè êðèâûå. Íà ýêðàí
âûâåäåì è âû÷èñëåííûé ìàññèâ òî÷åê � ýòî ïîìîæåò îöåíèòü êà÷åñòâî èçîáðàæåíèÿ êðèâûõ. Êàêèå ãðàíè÷íûå
óñëîâèÿ ìû èñïîëüçóåì? Â êà÷åñòâå ïåðâîé è ïîñëåäíåé òî÷êè ýëëèïñà èñïîëüçóåì åãî íèæíþþ òî÷êó, ãäå
êàñàòåëüíàÿ ãîðèçîíòàëüíà. Ïîýòîìó îáà ãðàíè÷íûõ óñëîâèÿ ýëëèïñà èìåþò êîä 3. À äëÿ ñïèðàëè Àðõèìåäà îáà
ãðàíè÷íûõ óñëîâèÿ ýëëèïñà èìåþò êîä 2 � íè÷åãî äðóãîãî î ãðàíè÷íûõ óñëîâèÿõ ìû ñêàçàòü íå ìîæåì.

Ïðèâîäèì ïðîãðàììû:

ßçûê Ïàñêàëü

{èçîáðàæåíèå ýëëèïñà è ñïèðàëè Àðõèìåäà ñ ïîìîùüþ ïàðàìåòðè÷åñêîãî ñïëàéíà}
uses GRAPH,CRT;
const
Nmax=50;{Ìàêñèìàëüíîå ÷èñëî èíòåðâàëîâ}
PATH='';{ôàéëû *.BGI íàõîäÿòñÿ â pàáî÷åì êàòàëîãå}
type
tArr=array[0..Nmax] of double;
tArr2=array[1..2] of byte;
const {Ïàðàìåòðû äëÿ êàæäîé êðèâîé}
n:tArr2=(12,21);{÷èñëî èíòåðâàëîâ}
Tb:tArr2=(3,2);{Êîä íà÷àëüíîãî óñëîâèÿ}
Te:tArr2=(3,2);{Êîä êîíå÷íîãî óñëîâèÿ}
M:array[1..2] of double=(1.5,1);{Ìàñøòàá}
Var
Xc,Yc,X0,Y0,W,H,gd,gm:integer;
Nc,i:byte;
aX,aY:tArr;
procedure Points(Ncurve:byte; n:byte; var aX,aY:tarr);
{Äëÿ ýëëèïñà è ñïèðàëè Àðõèìåäà íàõîäÿòñÿ ìàññèâû óçëîâ è îðäèíàò aX,aY}
var i:byte; a,b,Angle0,Angle:double;
begin
Case Ncurve of
1: begin{ýëëèïñ}
  a:=150; b:=100;{ïîëóîñè}
Angle0:=270;
for i:=0 to n do begin
 Angle:=Angle0+360/n*i;
 aX[i]:=a*cos(Angle/180*Pi);
 aY[i]:=b*sin(Angle/180*Pi);
                   end;
    end;{ýëëèïñ}
2: {ñïèðàëü Àðõèìåäà}
for i:=0 to n do begin
Angle:=630/n*i;
aX[i]:=Angle/4*cos(Angle/180*Pi);
aY[i]:=Angle/4*sin(Angle/180*Pi);
                  end;
end;{Case}
end;{Points}
procedure MomSpline(n:byte; var aX,aY,Mom:tArr;
...
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à) Ãðàíè÷íûé óçåë � ýòî òî÷êà ïåðåãèáà (òàêîâà, íàïðèìåð, òî÷êà  x = 0  äëÿ ôóíêöèé  y = sinx  è y = x3);
á) Íà÷àëüíàÿ (êîíå÷íàÿ) ÷àñòü ñïëàéíà � ïðÿìàÿ ëèíèÿ.

2) Ïàðàáîëè÷åñêèé (êâàäðàòè÷íûé) ãðàíè÷íûé èíòåðâàë:
m

0 
= m

1
    è/èëè    m

n 
= m

n � 1
.

Íàçâàíèå îçíà÷àåò, ÷òî äëÿ ãðàíè÷íîãî èíòåðâàëà âìåñòî êóáè÷åñêîãî ìíîãî÷ëåíà áåðåòñÿ ïàðàáîëè÷åñêèé
(âòîðîé ñòåïåíè). Êàê èçâåñòíî, âòîðàÿ ïðîèçâîäíàÿ ïàðàáîëû ïîñòîÿííà. Ýòî ãðàíè÷íîå óñëîâèå èñïîëüçóåò-
ñÿ, êîãäà îòñóòñòâóåò èíôîðìàöèÿ î çíà÷åíèÿõ ïåðâîé è âòîðîé ïðîèçâîäíîé â ãðàíè÷íîé òî÷êå.

3) Çàùåìëåíèå: â ãðàíè÷íîé òî÷êå çàäàåòñÿ çíà÷åíèå ïðîèçâîäíîé.
à) Ãðàíè÷íàÿ òî÷êà � ëåâàÿ: d

0
 = yR(x0

). Èñïîëüçóÿ ôîðìóëó  (5) ïðè i = 0, çàïèøåì ãðàíè÷íîå óñëîâèå â âèäå:

m
0
 = � 

1
2

m
1
 + 

3 1 0

1

( )k d

h

−
.

á) Ãðàíè÷íàÿ òî÷êà � ïðàâàÿ: d
n
 = y R(x

n
). Òåïåðü èñïîëüçóåì ôîðìóëó  (4) ïðè i = n. Ãðàíè÷íîå óñëîâèå

èìååò âèä:

m
n � 1

 = �2m
n
 + 

6( )d k

h
n n

n

− .

Äëÿ âñåõ òðåõ âàðèàíòîâ ãðàíè÷íûå óñëîâèÿ ìîæíî ïðåäñòàâèòü êàê

m
0
 = rm

1
 + s, (7)

m
n � 1

 = um
n
 + v. (8)

Èòàê, ãðàíè÷íûå óñëîâèÿ ïîçâîëèëè ïîëó÷èòü äâà íåäîñòàþùèõ óðàâíåíèÿ.  Ñèñòåìà  óðàâíåíèé (6) (7),
(8) ïðè i = 1, 2, ..., n, êîòîðóþ íàì ïðåäñòîèò ðåøèòü, � �òðåõäèàãîíàëüíàÿ�. Ýòî îçíà÷àåò, ÷òî â ìàòðèöå
êîýôôèöèåíòîâ ýëåìåíòû, îòëè÷íûå îò íóëÿ, ðàñïîëàãàþòñÿ íà ãëàâíîé äèàãîíàëè è äâóõ ñîñåäíèõ ñ íåé. Äëÿ
òàêèõ ñèñòåì ñóùåñòâóåò ýôôåêòèâíûé ìåòîä ðåøåíèÿ, èçâåñòíûé êàê �ìåòîä ïðîãîíêè�, êîòîðûì ìû è
âîñïîëüçóåìñÿ. Èäåÿ çàêëþ÷àåòñÿ â ñëåäóþùåì. Óðàâíåíèå (7) âûðàæàåò íóëåâîé ìîìåíò ÷åðåç ïåðâûé. Ïîä-
ñòàâèâ åãî â óðàâíåíèå (6) ïðè i = 1, ìû âûðàçèì ïåðâûé ìîìåíò ÷åðåç âòîðîé. Ïðîäîëæàÿ ýòîò ïðîöåññ,
ïîñëåäîâàòåëüíî âûðàæàåì êàæäûé ìîìåíò ÷åðåç åãî ïðàâîãî ñîñåäà è çàêîí÷èì åãî, âûðàçèâ m

n � 1
 ÷åðåç m

n
.

Íî òî æå ñàìîå äåëàåò óðàâíåíèå (8). Ïðèðàâíèâàÿ ýòè âûðàæåíèÿ, íàõîäèì ïîñëåäíèé ìîìåíò m
n
. Òåïåðü

íàõîäèì ïðåäïîñëåäíèé ìîìåíò m
n � 1 

� âåäü îí âûðàæåí ÷åðåç ïîñëåäíèé, çàòåì ìîìåíò m
n � 2

 è ò.ä. âïëîòü
äî íóëåâîãî ìîìåíòà m

0
. Ïåðåéäåì ê òåõíè÷åñêîé ðåàëèçàöèè îïèñàííîãî àëãîðèòìà.

Ïóñòü êàæäûé ìîìåíò, êðîìå ïîñëåäíåãî, ïðåäñòàâëåí â âèäå:

m
i � 1

 = P
i
m

i
 + Q

i
,                  i = 1, 2, ..., n        (8)

� ãäå  P
i
, Q

i 
 � �ïðîãîíî÷íûå� êîýôôèöèåíòû, ïðè÷åì èç óðàâíåíèÿ (7) ñëåäóåò, ÷òî  P

1 
= r, Q

1
 = s.

Ïîäcòàâèâ ýòî âûðàæåíèå â óðàâíåíèå (6), ïîëó÷èì:

m
i
[h

i
P

i
 + 2(h

i
 + h

i + 1
)]+ m

i + 1
h

i + 1
 = 6(k

i + 1
� k

i
) � h

i
Q

i
.

Âèäíî, ÷òî äëÿ ïðîãîíî÷íûõ  êîýôôèöèåíòîâ âûïîëíÿþòñÿ ñîîòíîøåíèÿ:

P
i + 1

 = � 
h

h P h h
i

i i i i

+

++ +
1

12( )
,

Q
i + 1

 = 
6

2
1

1

( )
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k k hQ

h P h h
i i i i

i i i i

+

+

− −

+ +
.

Îíè ïîçâîëÿþò ïîñëåäîâàòåëüíî âû÷èñëèòü âñå  ïðîãîíî÷íûå  êîýôôèöèåíòû, íà÷èíàÿ ñî âòîðîãî è êîí-
÷àÿ n-ì. Ýòî �ïðÿìîé õîä� ïðîãîíêè.

Çàïèñàâ óðàâíåíèå (8) ïðè i = n è ñîïîñòàâèâ åãî ñ óðàâíåíèåì (7), íàõîäèì ïîñëåäíèé ìîìåíò m
n
:

m
n
 = 

Q v

u P
n

n

−
−

.

À òåïåðü âûïîëíÿåì �îáðàòíûé õîä� ïðîãîíêè: ïî ôîðìóëå (8) íàõîäèì âñå ìîìåíòû, íà÷èíàÿ ñ (n � 1)-ãî
è êîí÷àÿ ïåðâûì.

Òàêèì îáðàçîì, ñïëàéí âû÷èñëÿåòñÿ ïî ôîðìóëå (2), íî, ïðåæäå ÷åì åþ âîñïîëüçîâàòüñÿ, íàäî íàéòè
ìîìåíòû, ñëåäóÿ óêàçàííîìó àëãîðèòìó.
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end;{MomSpline}
function Spline(var aX,aY,Mom:tArr; x:double):double;
...
end;{Spline}
{Ïåðåõîä îò öåíòðàëüíûõ êîîðäèíàò ê ýêðàííûì}
procedure WH(var W,H:integer);{øèðèíà è âûñîòà ýêðàíà}
begin
{Ôóíêöèè GetMaxX è GetMaxY âîçâðàùàþò ìàêñèìàëüíûå çíà÷åíèÿ ñîîòâåòñòâóþùèõ ýêðàííûõ êîîðäèíàò}
W:=(GetMaxX+1) ;{øèðèíà}
H:=(GetMaxY+1) ;{âûñîòà}
end;
Function Xscr(X:Integer):Integer;
Begin Xscr:=X + W div 2 end;
Function Yscr(Y:Integer):Integer;
Begin Yscr:=H div 2 - Y end;
procedure Curve(var Ax,aY:tArr; X0,Y0:integer;
                M:double; N:byte; Tb,Te:byte);
...
end;{Curve}
BEGIN
X0:=0; Y0:=0; gd:=DETECT;
for Nc:=1 to 2 do begin{öèêë êpèâûõ}
 initgraph(gd,gm,path);{ïåpåõîä â ãpàôè÷åñêèé påæèì}
 WH(W,H); {îïðåäåëÿåì øèðèíó è âûñîòó ýêðàíà}
 setcolor(white);{Öâåò ëèíèè - áåëûé}
 {Íàõîäèì óçëîâûå òî÷êè î÷åðåäíîé êðèâîé}
 Points(Nc,n[Nc],aX,aY);
 {Èçîápàæàåì êpèâóþ}
 Curve(aX,aY,X0,Y0,M[Nc],n[Nc],Tb[Nc],Te[Nc]);
 setcolor(LightRed);{Öâåò ëèíèè - pîçîâûé}
 setfillstyle(SolidFiLL,LightRed);{Çàêpàñêà - pîçîâàÿ}
 {Â óçëîâûõ òî÷êàõ ðèñóåì ðîçîâûå ìàëåíüêèå îêðóæíîñòè}
 for i:=0 to n[Nc] do begin
  Xc:=Xscr(X0+round(M[Nc]*aX[i]));
  Yc:=Yscr(Y0+round(M[Nc]*aY[i]));
  pieslice(Xc,Yc,0,360,3);{ðèñîâàíèå è çàêðàñêà ñåêòîðà}
                        end;
 readln;{Âûõîä - íàæàòèåì êëàâèøè Enter}
 CloseGraph;{Ïåpåõîä â òåêñòîâûé påæèì}
                   end;{öèêë êpèâûõ}
END.

ßçûê Ñè

/*èçîáðàæåíèå ýëëèïñà è ñïèðàëè Àðõèìåäà ñ ïîìîùüþ ïàðàìåòðè÷åñêîãî ñïëàéíà*/
#include<graphics.h>
#include<math.h>
#include<conio.h>
#define PI 3.1415926
#define Nmax 50 /* ìàêñèìàëüíîå ÷èñëî óçëîâ */
#define PATH "" /*ôàéëû *.BGI íàõîäÿòñÿ â pàáî÷åì êàòàëîãå*/
int W,H;
double aX[Nmax],aY[Nmax];
int round(double f) /* Îêpóãëåíèå äî áëèæàéøåãî öåëîãî */
{return (int)floor(f+0.5);}
/* Ïåðåõîä îò öåíòðàëüíûõ êîîðäèíàò ê ýêðàííûì */
void WH(int *W, int *H) /* øèðèíà è âûñîòà ýêðàíà */
/* Ôóíêöèè getmaxx è getmaxy âîçâðàùàþò ìàêñèìàëüíûå çíà÷åíèÿ ñîîòâåòñòâóþùèõ ýêðàííûõ êîîðäèíàò */
{*W=getmaxx()+1; *H=getmaxy()+1;}
int Xscr(int x){ return x+W/2;}
int Yscr(int y){ return H/2-y;}
void MomSpline(int n, double *ax, double *ay, double *mom,
              int begT, int endT, double derB, double derE)
{
...
}
double Spline(double *ax, double *ay, double *mom, double x)
{
...
}
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Èíòåãðèðóÿ ýòî âûðàæåíèå äâàæäû, ïîëó÷àåì:

y(x) = 
m x x m x x
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� êîíñòàíòû èíòåãðèðîâàíèÿ. Èñïîëüçóåì çíà÷åíèÿ ñïëàéíà â (i �1)-ì è i-ì óçëàõ.
Îáîçíà÷èì
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Ýòà ôóíêöèÿ òàêæå ëèíåéíàÿ. Âûðàçèì åå çíà÷åíèÿ â (i �1)-ì è i-ì óçëàõ.
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Èç (ii), (iii), (iv) ìîæíî ïîëó÷èòü (v)
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Ïîäñòàâëÿÿ (v) â (i), ïîëó÷èì:
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×òîáû âû÷èñëÿòü ñïëàéí ñ ïîìîùüþ ýòîãî âûðàæåíèÿ, íàäî èìåòü çíà÷åíèÿ ìîìåíòîâ. Çàéìåìñÿ ýòîé
çàäà÷åé. Âîñïîëüçóåìñÿ óñëîâèåì íåïðåðûâíîñòè ïåðâîé ïðîèçâîäíîé ñïëàéíà (ò.å. îòñóòñòâèåì èçëîìà) âî
âíóòðåííèõ óçëàõ.  Äèôôåðåíöèðóÿ óðàâíåíèå ñïëàéíà, íàõîäèì âûðàæåíèå åãî ïðîèçâîäíîé:
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Ïîäñòàâèì ñþäà ïðàâóþ ãðàíèöó i-ãî èíòåðâàëà:
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Çàïèñàâ óðàâíåíèå (3) äëÿ (i +1)-ãî èíòåðâàëà è ïîäñòàâèâ â íåãî ëåâóþ ãðàíèöó ýòîãî èíòåðâàëà, íàéäåì
äðóãîå âûðàæåíèå äëÿ ýòîé æå ïðîèçâîäíîé:
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Ïðèðàâíèâàÿ âûðàæåíèÿ (4) è (5), ïîëó÷àåì óðàâíåíèå, ñâÿçûâàþùåå ìîìåíòû â  òðåõ ïîñëåäîâàòåëüíûõ
óçëàõ � (i �1)-ì, i-ì, (i +1)-ì:
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Ñêîëüêî òàêèõ óðàâíåíèé ìû èìååì? Èõ êîëè÷åñòâî ðàâíî ÷èñëó âíóòðåííèõ óçëîâ, ò.å. îíî ñîñòàâëÿåò n � 1.
À ìîìåíòû íàì íàäî çíàòü âî âñåõ óçëàõ, ÷èñëî êîòîðûõ n + 1. Çíà÷èò, äâóõ óðàâíåíèé íå õâàòàåò. Òàêèì
îáðàçîì, îòâåò íà âîïðîñ, ÿâëÿåòñÿ ëè ïðèâåäåííîå âûøå  îïðåäåëåíèå ñïëàéíà ïîëíûì, îòðèöàòåëüíûé.
Òàêîé æå îòâåò ïîäñêàçûâàåò è íàøà àíàëîãèÿ: äëÿ íàõîæäåíèÿ äåôîðìàöèé áàëêè íàäî çíàòü, ïîìèìî ïðî÷å-
ãî, êàê îíà çàêðåïëÿåòñÿ íà êîíöàõ, ò.å. íóæíû åùå ãðàíè÷íûå óñëîâèÿ.

Äëÿ ñïëàéíîâ èñïîëüçóþò òðè âàðèàíòà  ãðàíè÷íûõ  óñëîâèé.
1) �Ñâîáîäíûé� êîíåö ñ íóëåâûì ìîìåíòîì: m

0 
= 0 è/èëè m

n 
= 0. Íàçâàíèå ïîäñêàçàíî àíàëîãèåé:

øàðíèðíî çàêðåïëåííûé êîíåö áàëêè ñâîáîäíî ïîâîðà÷èâàåòñÿ, è èçãèáàþùèé ìîìåíò â íåì ðàâåí íóëþ. Ýòî
óñëîâèå ìîæíî èñïîëüçîâàòü, åñëè èçâåñòíî, ÷òî:
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void Points(int Ncurve, int n, double *aX, double *aY)
/* Äëÿ ýëëèïñà è ñïèðàëè Àðõèìåäà íàõîäÿòñÿ ìàññèâû óçëîâ è îðäèíàò aX,aY */
{int i; double a,b,Angle0,Angle;
 switch(Ncurve)
 {case 0: /* ýëëèïñ */
   a=150; b=100; /* ïîëóîñè */
   Angle0=270;
   for (i=0; i<=n; i++)
    {Angle=Angle0+360.0/n*i;
     aX[i]=a*cos(Angle/180*PI);
     aY[i]=b*sin(Angle/180*PI);
    }
     break;
  case 1: /* Ñïèðàëü Àðõèìåäà */
   for (i=0; i<=n; i++)
    {Angle=630.0/n*i;
     aX[i]=Angle/4*cos(Angle/180*PI);
     aY[i]=Angle/4*sin(Angle/180*PI);
    }
     break;
  }
}
void Curve (int X0,int Y0, double M, int N, int Tb, int Te)
{
...
}
void main()
{int Xc,Yc,X0=0,Y0=0,gd,gm,Nc,i;
 /*Ïàðàìåòðû äëÿ êàæäîé êðèâîé*/
 double M[2]={1.5,1};/*Ìàñøòàá*/
 int n[2]={12,21};/*÷èñëî èíòåðâàëîâ*/
 int Tb[2]={3,2};/*Êîä íà÷àëüíîãî óñëîâèÿ*/
 int Te[2]={3,2};/*Êîä êîíå÷íîãî óñëîâèÿ*/
 gd=DETECT;
 for (Nc=0; Nc<2; Nc++)/*öèêë êðèâûõ*/
 {initgraph(&gd,&gm,PATH); /*Ïåpåõîä â ãpàôè÷åñêèé påæèì*/
  WH(&W,&H); /*îïpåäåëåíèå øèðèíû è âûñîòû ýêðàíà*/
  setcolor(WHITE);/*Öâåò ëèíèè - áåëûé*/
  /*Íàõîäèì õàðàêòåðèñòèêè î÷åðåäíîé êðèâîé*/
  Points(Nc,n[Nc],aX,aY);
  /*Èçîáðàæàåì êðèâóþ*/
  Curve(X0,Y0,M[Nc],n[Nc],Tb[Nc],Te[Nc]);
  setcolor(LIGHTRED);/*Öâåò ëèíèè - pîçîâûé*/
  setfillstyle(SOLID_FILL,LIGHTRED);/*çàêpàñêà - pîçîâàÿ*/
  /*Â çàäàííûõ òî÷êàõ ðèñóåì ðîçîâûå ìàëåíüêèå îêðóæíîñòè*/
  for (i=0; i<=n[Nc]; i++)
  {Xc=Xscr(X0+round(M[Nc]*aX[i]));
   Yc=Yscr(Y0+round(M[Nc]*aY[i]));
   pieslice(Xc,Yc,0,360,3);/*ðèñîâàíèå è çàêðàñêà ñåêòîðà*/
  }
  getch(); /* Âûõîä - íàæàòèåì ëþáîé êëàâèøè */
  closegraph(); /* Ïåpåõîä â òåêñòîâûé påæèì */
 }                     /*öèêë êðèâûõ*/
}

ßçûê Áåéñèê

'èçîáðàæåíèå ýëëèïñà è ñïèðàëè Àðõèìåäà ñ ïîìîùüþ ïàðàìåòðè÷åñêîãî ñïëàéíà
DECLARE SUB Curve (aX#(), aY#(), M#, Param%())
DECLARE SUB MomSpline (n%, aX#(), aY#(), Mom#(), BC%(), Der#())
DECLARE SUB Points (Ncurve%, n%, aX#(), aY#())
DECLARE FUNCTION Round% (A#)
DECLARE FUNCTION Spline# (aX#(), aY#(), Mom#(), X#)
DECLARE FUNCTION Xscr% (X%)
DECLARE FUNCTION Yscr% (Y%)
DIM SHARED Pi AS DOUBLE: Pi = 3.1415926#
DIM SHARED Ws AS INTEGER, Hs AS INTEGER
Ws = 640: Hs = 480 'Øèðèíà è âûñîòà ýêðàíà_
Nmax% = 50 'Ìàêñèìàëüíîå ÷èñëî èíòåðâàëîâ
DIM aX(0 TO Nmax%)  AS DOUBLE, aY(0 TO Nmax%) AS DOUBLE
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ìà ìàëû. Îòñþäà ñëåäóåò, ÷òî â êà÷åñòâå óãëîâîãî ïåðåìåùåíèÿ ñ äîñòàòî÷íîé òî÷íîñòüþ ìîæíî ïðèíÿòü

ïðîèçâîäíóþ ôóíêöèè y(x), ò.å. ′y x( ) .

Âûøå áûëè óïîìÿíóòû îïîðû áàëêè. Ðàçëè÷àþò äâà òèïà îïîð: øàðíèðíàÿ îïîðà è çàùåìëåíèå. Øàðíèðíàÿ
îïîðà ôèêñèðóåò ëèíåéíîå ïåðåìåùåíèå áàëêè â òî÷êå ïðèëîæåíèÿ îïîðû, íî íå ïðåïÿòñòâóåò óãëîâîìó
ïåðåìåùåíèþ â íåé, à çàùåìëåíèå ôèêñèðóåò êàê ëèíåéíîå, òàê è óãëîâîå ïåðåìåùåíèå. Â îïîðàõ âîçíèêàþò
ðåàêòèâíûå óñèëèÿ (ðåàêöèè), ïðèëîæåííûå ê áàëêå. Øàðíèðíîé îïîðå ñîîòâåòñòâóåò ðåàêòèâíàÿ ñèëà, à
çàùåìëåíèþ � åùå è ðåàêòèâíûé èçãèáàþùèé ìîìåíò. Ìû íå áóäåì çàíèìàòüñÿ âîïðîñîì, êàê îïðåäåëèòü
ðåàêöèè â îïîðàõ, íàì äîñòàòî÷íî çíàòü, ÷òî îíè ñóùåñòâóþò è çàâèñÿò îò òèïà îïîðû.

Îäíèì èç öåíòðàëüíûõ ïîíÿòèé òåîðèè áàëîê ÿâëÿåòñÿ âíóòðåííèé èçãèáàþùèé ìîìåíò M(x), âîçíèêàþ-
ùèé â êàæäîé òî÷êå (êàæäîì ñå÷åíèè) áàëêè.  Îí îïðåäåëÿåòñÿ êàê ñóììà ìîìåíòîâ âñåõ ñèë, ïðèëîæåííûõ
ëåâåå ðàññìàòðèâàåìîé òî÷êè ñ êîîðäèíàòîé x, ò.å. ñèë, òî÷êè ïðèëîæåíèÿ êîòîðûõ  x

i 
< x. Â ýòó ñóììó âõîäèò

ìîìåíò ðåàêòèâíîé ñèëû, ïðèëîæåííîé ê òî÷êå x
0
, à òàêæå ðåàêòèâíûé èçãèáàþùèé ìîìåíò, ïðèëîæåííûé ê

ýòîé òî÷êå, åñëè îí ñóùåñòâóåò, ò.å. îïîðà ÿâëÿåòñÿ çàùåìëåíèåì. Íàïîìíèì, ÷òî ìîìåíò ñèëû åñòü ïðîèçâå-
äåíèå ñèëû íà �ïëå÷î� � ðàññòîÿíèå îò òî÷êè ïðèëîæåíèÿ ñèëû äî âûáðàííîé òî÷êè (ñ ñîîòâåòñòâóþùèì
çíàêîì). Èç ýòîãî îïðåäåëåíèÿ ñëåäóåò âàæíûé ôàêò: âíóòðåííèé ìîìåíò M(x) � íåïðåðûâíàÿ ôóíêöèÿ x è
íà êàæäîì èíòåðâàëå  [x

i � 1
, x

i
] îíà ëèíåéíà.

Çàïèøåì òåïåðü îñíîâíîå óðàâíåíèå òåîðèè áàëêè, ñâÿçûâàþùåå  ñèëû è ìîìåíòû, äåéñòâóþùèå íà áàëêó,
ñ äåôîðìàöèÿìè:

y RR(x) = 
M x

Z
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,

ãäå Z � òàê íàçûâàåìàÿ èçãèáíàÿ æåñòêîñòü áàëêè, îïðåäåëÿåìàÿ åå ìàòåðèàëîì è ãåîìåòðèåé ïîïåðå÷íîãî
ñå÷åíèÿ.

Îòñþäà ñ ó÷åòîì óêàçàííûõ âûøå ñâîéñòâ M(x) � íåïðåðûâíîñòè è ëèíåéíîñòè íà èíòåðâàëàõ [x
i � 1

, x
i
] �

ñëåäóåò, ÷òî ôóíêöèÿ y(x) íà êàæäîì èíòåðâàëå [x
i �1

, x
i
] ÿâëÿåòñÿ êóáè÷åñêèì ìíîãî÷ëåíîì. Î÷åâèäíî òàêæå,

÷òî åå ïåðâàÿ è âòîðàÿ ïðîèçâîäíûå íåïðåðûâíû. Äðóãèìè ñëîâàìè, êðèâàÿ y(x), îïèñûâàþùàÿ ëèíåéíóþ
äåôîðìàöèþ áàëêè, � ýòî ñïëàéí! Âîò ïóòü, ïî êîòîðîìó øëè èçîáðåòàòåëè ñïëàéíà.

Äàâàéòå ðàçáåðåìñÿ, ÷òî ìû, ñîáñòâåííî, ïîëó÷èëè: ñïëàéíû âîçíèêàþò åñòåñòâåííûì îáðàçîì â íåêîòîðîé
ïðèêëàäíîé äèñöèïëèíå, à èìåííî � ñîïðîòèâëåíèè ìàòåðèàëîâ. Åñòü îùóùåíèå, ÷òî ýòîãî íåäîñòàòî÷íî. Âñå-
òàêè îïðåäåëåíèå ñïëàéíà íîñèò ÷èñòî ìàòåìàòè÷åñêèé õàðàêòåð, è áûëî áû âïîëíå ðàçóìíûì, ÷òîáû ñïëàéíû
îáëàäàëè êàêèì-òî ñâîéñòâîì, âûäåëÿþùèì èõ ñðåäè îñòàëüíûõ ôóíêöèé.  Òàêîå ñâîéñòâî åñòü, íî ïîäîéòè ê
íåìó ïîìîæåò òà æå ìåõàíè÷åñêàÿ àíàëîãèÿ. Â ñîïðîòèâëåíèè ìàòåðèàëîâ øèðîêî èñïîëüçóåòñÿ ýíåðãåòè÷åñ-
êèé ìåòîä: áàëêà äåôîðìèðóåòñÿ òàêèì îáðàçîì, ÷òîáû ïîòåíöèàëüíàÿ ýíåðãèÿ äåôîðìàöèè áûëà ìèíèìàëü-
íîé. Óêàçàííàÿ ýíåðãèÿ ïðîïîðöèîíàëüíà èíòåãðàëó âèäà
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2

0

.

Îòìåòèì, ÷òî âòîðàÿ ïðîèçâîäíàÿ õàðàêòåðèçóåò êðèâèçíó â äàííîé òî÷êå. Ïîýòîìó ñïëàéí ÿâëÿåòñÿ òàêîé
ãëàäêîé êðèâîé, ïðîõîäÿùåé ÷åðåç çàäàííûå òî÷êè, êîòîðàÿ èìååò ìèíèìàëüíóþ ñðåäíþþ êðèâèçíó.

Íà ÿçûêå ìàòåìàòèêè ýòî îçíà÷àåò, ÷òî ñðåäè âñåõ ãëàäêèõ ôóíêöèé, ïðîõîäÿùèõ ÷åðåç çàäàííûå òî÷êè,
ñïëàéí îáëàäàåò ìèíèìàëüíûì çíà÷åíèåì èíòåãðàëà îò êâàäðàòà âòîðîé ïðîèçâîäíîé èëè, ÷òî òî æå ñàìîå,
ñïëàéí îáëàäàåò ìèíèìàëüíîé ñðåäíåêâàäðàòè÷íîé âòîðîé ïðîèçâîäíîé. Ýòî óòâåðæäåíèå, äîêàçûâàåìîå ÷èñ-
òî ìàòåìàòè÷åñêè, è åñòü òî ñâîéñòâî ñïëàéíîâ, êîòîðîå ìû èñêàëè.

3. Ïîñòðîåíèå ñïëàéíà*

Ïåðåéäåì ê âîïðîñàì ïîñòðîåíèÿ ñïëàéíà, ò.å.  îïðåäåëåíèÿ êîýôôèöèåíòîâ êóáè÷åñêèõ ìíîãî÷ëåíîâ, èç
êîòîðûõ îí ñîñòîèò. Ãëàâíóþ ðîëü áóäóò èãðàòü âòîðûå ïðîèçâîäíûå ñïëàéíà â óçëàõ. Èõ ïðèíÿòî îáîçíà÷àòü
m

i 
= ′′y xi( ) è íàçûâàòü  ìîìåíòàìè  ïî ïðè÷èíàì, ïîíÿòíûì èç ñêàçàííîãî âûøå. Âòîðàÿ ïðîèçâîäíàÿ êóáè÷åñ-

êîãî ìíîãî÷ëåíà ëèíåéíà. Ñëåäîâàòåëüíî, íà i-ì èíòåðâàëå âòîðóþ ïðîèçâîäíóþ ñïëàéíà ìîæíî âûðàçèòü êàê

′′ =
− + −− −y x

m x x m x x

h
i i i i

i
( )

( ) ( )1 1 ,

ãäå h
i 
= x

i
 � x

i �1
 øàã i-ãî èíòåðâàëà.

* Â òðåòüåé ãëàâå îáñóæäàþòñÿ äîñòàòî÷íî ñëîæíûå âîïðîñû, ñâÿçàííûå ñ âûâîäîì óðàâíåíèÿ ñïëàéíà. Â ñëåäóþùèõ ãëàâàõ â
ïðîãðàììàõ èñïîëüçóþòñÿ òîëüêî óðàâíåíèÿ, ïðèâåäåííûå â êîíöå ãëàâû. Òàêèì îáðàçîì, ïðè ïåðâîì ÷òåíèè âûâîä óðàâíåíèé
ìîæíî ïðîïóñòèòü, ïîçíàêîìèâøèñü ëèøü ñ îêîí÷àòåëüíûìè ðåçóëüòàòàìè.
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DIM n%(1 TO 2): n%(1) = 12: n%(2) = 21 '÷èñëî èíòåðâàëîâ

'Êîäû ãpàíè÷íûõ óñëîâèé
DIM Tb%(1 TO 2): Tb%(1) = 3: Tb%(2) = 2
DIM Te%(1 TO 2): Te%(1) = 3: Te%(2) = 2
'Ìàñøòàá
DIM M#(1 TO 2): M#(1) = 1.5: M#(2) = 1
X0% = 0: Y0% = 0'öåíòðàëüíûå êîîðäèíàòû òî÷êè ïpèâÿçêè
White% = 15 'áåëûé öâåò
LightRed% = 12 'pîçîâûé öâåò
DIM par%(1 TO 2, 1 TO 6)
'Ïåpâàÿ ñòpîêà äâóìåpíîãî ìàññèâà par ñîîòâåòñòâóåò
'ìàññèâó ïàpàìåòpîâ ýëëèïñà, âòîpàÿ - ñïèpàëè Àpõèìåäà
par%(1, 1) = X0%: par%(1, 2) = Y0%: par%(1, 3) = n%(1)
par%(1, 4) = Tb%(1): par%(1, 5) = Te%(1): par%(1, 6) = White%
par%(2, 1) = X0%: par%(2, 2) = Y0%: par%(2, 3) = n%(2)
par%(2, 4) = Tb%(2): par%(2, 5) = Te%(2): par%(2, 6) = White%
DIM Param%(1 TO 6)
DIM Xc AS INTEGER, Yc AS INTEGER, Nc AS INTEGER, i AS INTEGER
FOR Nc = 1 TO 2 'öèêë êpèâûõ
SCREEN 12 'Ïåpåõîä â ãpàôè÷åñêèé påæèì äëÿ ìîíèòîpà VGA
'Íàõîäèì óçëîâûå òî÷êè î÷åðåäíîé êðèâîé
CALL Points(Nc, n%(Nc), aX(), aY())
'Èçîáðàæàåì êðèâóþ
FOR i = 1 TO 6: Param%(i) = par%(Nc, i): NEXT i
CALL Curve(aX(), aY(), M#(Nc), Param%())
'Â óçëîâûõ òî÷êàõ ðèñóåì ðîçîâûå ìàëåíüêèå îêðóæíîñòè
FOR i = 0 TO n%(Nc)
Xc = Xscr%(X0% + Round%(M#(Nc) * aX(i)))
Yc = Yscr%(Y0% + Round%(M#(Nc) * aY(i)))
CIRCLE (Xc, Yc), 3, LightRed% 'pèñîâàíèå îêðóæíîñòè
PAINT (Xc, Yc), LightRed%, LightRed% 'çàêpàñêà îêðóæíîñòè
NEXT i
'Ïpîäîëæåíèå - íàæàòèåì êëàâèøè Enter
DO: LOOP UNTIL INKEY$ = CHR$(13)
SCREEN 0 'Ïåpåõîä â òåêñòîâûé påæèì
NEXT Nc         'öèêë êpèâûõ
END

SUB Curve (aX#(), aY#(), M#, Param%())
...
END SUB

SUB MomSpline (n%, aX#(), aY#(), Mom#(), BC%(), Der#())
...
END SUB

SUB Points (Ncurve%, np%, aX#(), aY#())
'Äëÿ ýëëèïñà è ñïèðàëè Àðõèìåäà íàõîäÿòñÿ ìàññèâû óçëîâ è îðäèíàò aX,aY
DIM i%, A#, b#, Angle0#, Angle#
SELECT CASE Ncurve%
CASE 1 'ýëëèïñ
 A# = 150: b# = 100 'ïîëóîñè
 Angle0# = 270
 FOR i% = 0 TO np%
  Angle# = Angle0# + 360! / np% * i%
  aX#(i%) = A# * COS(Angle# / 180 * Pi)
  aY#(i%) = b# * SIN(Angle# / 180 * Pi)
 NEXT i%
CASE 2 'ñïèðàëü Àðõèìåäà
 FOR i% = 0 TO np%
  Angle# = 630! / np% * i%
  aX#(i%) = Angle# / 4 * COS(Angle# / 180 * Pi)
  aY#(i%) = Angle# / 4 * SIN(Angle# / 180 * Pi)
 NEXT i%
END SELECT
END SUB

FUNCTION Round% (A#)
'îêpóãëåíèå äî áëèæàéøåãî öåëîãî
Round% = INT(A# + .5)
END FUNCTION



1999 ¹ 4 ÈÍÔÎÐÌÀÒÈÊÀ1999 ¹ 4 ÈÍÔÎÐÌÀÒÈÊÀ

6

6

ïðè | x | > 0,25 îí íà÷èíàåò îñöèëëèðîâàòü (êîëåáàòüñÿ), ò.å. ïðîõîäèò
÷åðåç ÷åðåäóþùèåñÿ ìèíèìóìû è ìàêñèìóìû, ðàñïîëîæåííûå âíóòðè
øàãîâ èíòåðïîëÿöèè. Ïðè ýòîì ñ ðîñòîì | x | àìïëèòóäà êîëåáàíèé
íàðàñòàåò.

Ìîæåò áûòü, ÷èñëî øàãîâ èíòåðïîëÿöèè n=8 ñëèøêîì ìàëî? Ïî-
ïðîáóåì âûïîëíèòü êàêóþ-íèáóäü èç ïðèâåäåííûõ ïðîãðàìì ïðè n=16.
Äåéñòâèòåëüíî, îñöèëëÿöèè ïîÿâëÿþòñÿ ëèøü ïðè | x | > 0,5, íî èõ
àìïëèòóäà ðåçêî óâåëè÷èâàåòñÿ. Ýòî çàòðóäíÿåò ïîñòðîåíèå ãðàôèêîâ,
è ìû ïðîäåìîíñòðèðóåì ñðàâíèòåëüíóþ òàáëèöó ôóíêöèé F(x) è Lagr(x)
ïðè | x | > 0,5.

0,5625 0,6875 0,8125 0,9375

F 3,49 3,89 4,20  4,49

Lagr 3,18 4,88 � 0,76 49,3

Âèäíî, ÷òî êîëåáàíèÿ èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà ðàñòóò ïðîñòî �êàòàñòðîôè÷åñêè�.
Äàæå èç ýòîãî ïðèìåðà âèäíî, ÷òî èñïîëüçîâàòü ìíîãî÷ëåíû Ëàãðàíæà ñëåäóåò  ñ  áîëüøîé îñòîðîæíîñòüþ.

2. ×òî òàêîå ñïëàéí è îòêóäà îí âçÿëñÿ
Â 60-õ ãîäàõ íàøåãî ñòîëåòèÿ áûë ïðåäëîæåí ñîâåðøåííî íîâûé ìåòîä èíòåðïîëÿöèè, îñíîâàííûé íà

èñïîëüçîâàíèè êëàññà ñïëàéí-ôóíêöèé, èëè ïðîñòî ñïëàéíîâ [1, 2]. Ñïëàéí ìîæíî îïðåäåëèòü êàê ôóíêöèþ,
îáëàäàþùóþ ñëåäóþùèìè ñâîéñòâàìè:

à) ãðàôèê ñïëàéíà ïðîõîäèò ÷åðåç âñå çàäàííûå òî÷êè (x
i
, y

i
),  i = 0, 1, ..., n;

á) íà êàæäîì èíòåðâàëå [x
i � 1

, x
i
]  ñïëàéí ÿâëÿåòñÿ êóáè÷åñêèì ìíîãî÷ëåíîì;

â) âî âñåõ âíóòðåííèõ óçëàõ x
i 
,  i = 1, 2, ..., n  � 1 ïåðâàÿ è âòîðàÿ ïðîèçâîäíûå ñïëàéíà íåïðåðûâíû, ò.å.

ñïëàéí � ãëàäêàÿ ôóíêöèÿ.
Ýòî íå ñëèøêîì äëèííîå îïðåäåëåíèå âûçûâàåò öåëóþ ãàììó âîïðîñîâ:
� ×òî îçíà÷àåò ñëîâî ñïëàéí?
� Ïî÷åìó ñïëàéí ñîñòîèò èç ìíîãî÷ëåíîâ, è ïðèòîì êóáè÷åñêèõ, à íå èç êàêèõ-ëèáî äðóãèõ ôóíêöèé?
� Ïðåäûäóùèé âîïðîñ, â ñóùíîñòè, îçíà÷àåò: êàêàÿ èäåÿ ëåæèò â îñíîâå ìåòîäà ñïëàéíîâ?
� ßâëÿåòñÿ ëè ïðèâåäåííîå îïðåäåëåíèå ñïëàéíà ïîëíûì, ò.å. äîñòàòî÷íî ëè èíôîðìàöèè î çàäàííûõ

òî÷êàõ äëÿ ïîñòðîåíèÿ ñïëàéíà?
� Êàê ïîñòðîèòü ñïëàéí, ò.å. êàê îïðåäåëèòü êîýôôèöèåíòû êóáè÷åñêèõ ìíîãî÷ëåíîâ, èç êîòîðûõ ñîñòîèò

ñïëàéí?
Íà÷íåì ñ òåðìèíîëîãèè. Àíãëèéñêîå ñëîâî spline îçíà÷àåò çäåñü äëèííóþ è òîíêóþ ëèíåéêó, èçãèáàÿ êîòî-

ðóþ ïðîâîäÿò ïëàâíóþ êðèâóþ ÷åðåç çàäàííûå òî÷êè.
Îòâåò íà âîïðîñ îá èäåéíûõ èñòîêàõ ìåòîäà ñïëàéíîâ ïîòðåáóåò çíà÷èòåëüíî áîëüøå ìåñòà.  Êàê è âî

âðåìåíà Íüþòîíà è Ýéëåðà, èçîáðåòàòåëè ìåòîäà ñïëàéíîâ âäîõíîâëÿëèñü èäåÿìè, çàèìñòâîâàííûìè èç
ìåõàíèêè. Â äàííîì ñëó÷àå ðå÷ü èäåò î ðàçäåëå ìåõàíèêè, èçâåñòíîì ïîä íàçâàíèåì ñîïðîòèâëåíèå ìàòåðèà-
ëîâ [3]. Íà ñòóäåí÷åñêîì æàðãîíå ýòîò ïðåäìåò èìååò ñîêðàùåííîå íàçâàíèå ñîïðîìàò, è  îòíîøåíèå ê
íåìó äîñòàòî÷íî ÿðêî õàðàêòåðèçóåò ïîãîâîðêà: �Ñäàë ñîïðîìàò � ìîæåøü æåíèòüñÿ�.

Ìû ðàññìîòðèì (ðàçóìååòñÿ, î÷åíü êðàòêî è áåãëî) ðàçäåë ñîïðîòèâëåíèÿ ìàòåðèàëîâ, èçâåñòíûé êàê
òåîðèÿ áàëîê. Ïîä áàëêîé ïîäðàçóìåâàåòñÿ ïðÿìîëèíåéíûé ñòåðæåíü, îáëàäàþùèé îïðåäåëåííîé æåñò-
êîñòüþ, ïîïåðå÷íûå ðàçìåðû êîòîðîãî çíà÷èòåëüíî ìåíüøå åãî äëèíû. Ýòî îçíà÷àåò, ÷òî èçãèá áàëêè (à
òàêæå åå ðàñòÿæåíèå) òðåáóåò çàìåòíûõ óñèëèé, â îòëè÷èå îò ñòðóíû (íèòè), êîòîðàÿ ñâîáîäíî èçãèáà-
åòñÿ, íî ñîïðîòèâëÿåòñÿ ðàñòÿæåíèþ. Ïóñòü áàëêà íàïðàâëåíà ãîðèçîíòàëüíî è îïðåäåëåííûì ñïîñîáîì
çàêðåïëåíà íà îïîðàõ, ðàñïîëîæåííûõ íà åå êîíöàõ (ñì. ðèñ. 3). Íàïðàâèì îñü x âäîëü áàëêè, à îñü y �
âåðòèêàëüíî. Êîîðäèíàòû êîíöîâ áàëêè îáîçíà÷èì ÷åðåç x

0
 è x

n
.  Íà áàëêó äåéñòâóþò ñèëû, êîòîðûå ìû

áóäåì ñ÷èòàòü âåðòèêàëüíûìè. Êîîðäèíàòû òî÷åê ïðè-
ëîæåíèÿ ñèë îáîçíà÷èì : x

1
, x

2
, ..., x

n � 1
.

Æåñòêîñòü áàëêè íå àáñîëþòíà � ïîä äåéñòâèåì ïðèëî-
æåííûõ ñèë îíà äåôîðìèðóåòñÿ. Ðàçëè÷àþò ëèíåéíûå äå-
ôîðìàöèè � ïåðåìåùåíèÿ òî÷åê áàëêè ïî âåðòèêàëè � è
óãëîâûå äåôîðìàöèè � óãëû ïîâîðîòà ïîïåðå÷íûõ ñå÷å-
íèé áàëêè.  Îáîçíà÷èì ëèíåéíîå ïåðåìåùåíèå â òî÷êå x
÷åðåç y(x). Íåòðóäíî çàìåòèòü, ÷òî óãëîâîå ïåðåìåùå-
íèå � ýòî óãîë íàêëîíà êàñàòåëüíîé ê ôóíêöèè y(x).
Ñôîðìóëèðóåì îñíîâíóþ ãèïîòåçó òåîðèè áàëîê: àáñî-
ëþòíûå çíà÷åíèÿ ëèíåéíûõ è óãëîâûõ ïåðåìåùåíèé âåñü-
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FUNCTION Spline# (aX#(), aY#(), Mom#(), X#)
...
END FUNCTION

FUNCTION Xscr% (X%)
'Ïåðåõîä îò öåíòðàëüíîé êîîðäèíàòû X ê ýêðàííîé
Xscr% = X% + Ws / 2
END FUNCTION

FUNCTION Yscr% (Y%)
'Ïåðåõîä îò öåíòðàëüíîé êîîðäèíàòû Y ê ýêðàííîé
Yscr% = Hs / 2 - Y%
END FUNCTION

Íà ðèñ. 4  ïðåäñòàâëåíû  ýëëèïñ è ñïèðàëü Àðõèìåäà, ïîëó÷åííûå ñ
ïîìîùüþ ýòîé ïðîãðàììû. Êàê âèäèì, ïàðàìåòðè÷åñêèå ñïëàéíû ðàáîòà-
þò âïîëíå óäîâëåòâîðèòåëüíî. Êîíå÷íî, ðàñïîëàãàÿ óðàâíåíèÿìè ýëëèïñà
è ñïèðàëè Àðõèìåäà, ìû âïîëíå ìîãëè ïîñòðîèòü ýòè êðèâûå, íå èñïîëü-
çóÿ ïàðàìåòðè÷åñêèå ñïëàéíû.

Ñåé÷àñ ìû ïåðåéäåì ê áîëåå èíòåðåñíîé çàäà÷å. Òðåáóåòñÿ âîñïðîèçâåñòè
íà ýêðàíå íåáîëüøîé ðóêîïèñíûé òåêñò íà ðóññêîì ÿçûêå � ñëîâî èëè
ôðàçó. Ïðåäïîëàãàåòñÿ, ÷òî òåêñò ïåðâîíà÷àëüíî íàïèñàí íà ìèëëèìåòðîâ-
êå. Êàæäóþ áóêâó ðàçáèâàåì íà ýëåìåíòû � ãëàäêèå êðèâûå: îâàëû, ðàç-
ëè÷íûå �êðþ÷êè� è ò.ä. òàê, êàê íàñ êîãäà-òî ó÷èëè íà óðîêàõ ÷èñòîïèñà-
íèÿ. Äëÿ êàæäîãî ýëåìåíòà âûáèðàåì íåñêîëüêî õàðàêòåðíûõ òî÷åê, çàïè-
ñûâàåì èõ êîîðäèíàòû è, êðîìå òîãî, óêàçûâàåì ãðàíè÷íûå óñëîâèÿ. Òàê,
äëÿ îâàëà (ýëåìåíò ðóêîïèñíûõ áóêâ �î�, �à�, �ð�, �ä� è ò.ä.) óäîáíî
âûáðàòü â êà÷åñòâå ïåðâîé (è ïîñëåäíåé) òî÷êè íèæíþþ èëè âåðõíþþ. Òîãäà êàñàòåëüíàÿ â ýòîé òî÷êå
ãîðèçîíòàëüíà è ìîæíî èñïîëüçîâàòü â íà÷àëå è êîíöå ãðàíè÷íîå óñëîâèå 3. Êðþ÷îê, çàãíóòûé âíèçó (ýëåìåíò
ðóêîïèñíûõ áóêâ �à�, �è�, �ø�, �ì� è ò.ä.), ââåðõó èìååò ïðÿìîëèíåéíûé ó÷àñòîê. Ïîýòîìó åñëè íà÷àòü ñ
âåðõíåé òî÷êè, òî êîä íà÷àëüíîãî óñëîâèÿ � 1, à êîíå÷íîãî  � 2. Ó÷èòûâàÿ, ÷òî îáúåì ýòîé èíôîðìàöèè
äîâîëüíî âåëèê, ïîìåùàåì åå â òåêñòîâûé ôàéë. Äëÿ ýëåìåíòà îòâîäèì ñòðîêó ôàéëà öåëèêîì. Âíà÷àëå óêàçû-
âàåì íà÷àëüíîå óñëîâèå â âèäå Tb=..., íàïðèìåð, äëÿ îâàëà  Tb=3. Äàëåå (ïðîïóñòèâ îäèí ïðîáåë) çàïèñûâà-
åì êîîðäèíàòû òî÷åê ýëåìåíòà, ðàçäåëÿÿ èõ òàêæå îäíèì ïðîáåëîì. Ïîñëå îðäèíàòû ïîñëåäíåé òî÷êè ïðîïóñ-
êàåì ïðîáåë è óêàçûâàåì êîíå÷íîå óñëîâèå â âèäå Te=...,  íàïðèìåð, äëÿ îâàëà  Tå=3. Ïàðàìåòðû ýòîé
çàäà÷è:

à) Öåíòðàëüíûå êîîðäèíàòû òî÷êè ïðèâÿçêè � X0,Y0. Òî÷êà ïðèâÿçêè ñîîòâåòñòâóåò íà÷àëó êîîðäèíàò íà
ìèëëèìåòðîâêå.

á) Ìàñøòàá M � ÷èñëî ïèêñåëåé â îäíîì ìèëëèìåòðå.
Àëãîðèòì ðåøåíèÿ ýòîé çàäà÷è çàêëþ÷àåòñÿ â ñëåäóþùåì. Ïîñëåäîâàòåëüíî ÷èòàþòñÿ ñòðîêè ôàéëà. Äëÿ

êàæäîé ïðî÷èòàííîé ñòðîêè âûïîëíÿåòñÿ ïîñëåäîâàòåëüíîñòü äåéñòâèé:
� Íàõîäèòñÿ êîä íà÷àëüíîãî óñëîâèÿ Tb, îí ñîäåðæèòñÿ â 4-é ïîçèöèè ñòðîêè (äëÿ Ñè � â 3-é), à òàêæå

êîä êîíå÷íîãî óñëîâèÿ Te, êîòîðûé ñîäåðæèòñÿ â  ïîñëåäíåé ïîçèöèè ñòðîêè.
� Ñ÷åò÷èêó òî÷åê n ïðèñâàèâàåòñÿ çíà÷åíèå �1, èíäåêñ ïåðâîé ïîçèöèè çàïèñè àáñöèññû òî÷êè Ind

ïîëó÷àåò çíà÷åíèå 6 (äëÿ Ñè � 5), à èíäåêñ ïîäñòðîêè "Te=", îáîçíà÷àåìûé  IndE, � (L�3), ãäå L �
äëèíà ñòðîêè.

� Âûïîëíÿåòñÿ öèêë ÷òåíèÿ êîîðäèíàò òî÷åê ýëåìåíòà: íàðàùèâàåòñÿ ñ÷åò÷èê òî÷åê  n; íàõîäèòñÿ ïîçèöèÿ
ïðîáåëà, îáðàìëÿþùåãî ñïðàâà çàïèñü àáñöèññû òî÷êè pB; âûäåëÿåòñÿ ïîäñòðîêà óêàçàííîé çàïèñè è ïåðåâî-
äèòñÿ â aX[n]; óâåëè÷èâàÿ íà åäèíèöó pB, ïîëó÷àåì èíäåêñ ïåðâîé ïîçèöèè çàïèñè îðäèíàòû òî÷êè; äåéñòâóÿ
àíàëîãè÷íûì îáðàçîì, íàõîäèì aY[n] è èíäåêñ ïåðâîé ïîçèöèè çàïèñè àáñöèññû ñëåäóþùåé òî÷êè Ind; åñëè
Ind=IndE, òî öèêë çàêîí÷åí.

� Íà ýêðàíå ñ ïîìîùüþ ïðîöåäóðû Curve èçîáðàæàåòñÿ ýëåìåíò.
Ïðèâîäèì ïðîãðàììû.

ßçûê Ïàñêàëü

{Èçîáðàæåíèå "ðóêîïèñíîãî" òåêñòà ñ ïîìîùüþ ïàðàìåòðè÷åñêîãî ñïëàéíà}
uses GRAPH,CRT;
const
Nmax=50;{Ìàêñèìàëüíîå ÷èñëî èíòåðâàëîâ}
PATH='';{Ôàéëû *.BGI íàõîäÿòñÿ â pàáî÷åì êàòàëîãå}
type tArr=array[0..Nmax] of double;
Var
Fin:text;
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    fprintf(Fout,"%6.4f   %9.7f %10.7f\n",xout,yout,yLagr);
    }                    /*Öèêë òî÷åê âûâîäà*/
 }                    /*Öèêë ôóíêöèé*/
 fclose(Fout); /* Çàêðûâàåì âûõîäíîé ôàéë */
}

ßçûê Áåéñèê

'Ïðîãðàììà òåñòèðîâàíèÿ èíòåðïîëÿöèîííûõ
'ìíîãî÷ëåíîâ Ëàãpàíæà
DECLARE FUNCTION Lagr# (n%, ax#(), ay#(), x#)
DECLARE FUNCTION F# (NF%, x#)
DIM Nmax%: Nmax% = 50: 'Ìàêñèìàëüíîå ÷èñëî èíòåðâàëîâ
DIM n AS INTEGER: n = 8 '×èñëî èíòåðâàëîâ
DIM i AS INTEGER, NF AS INTEGER, nout AS INTEGER
DIM Xout AS DOUBLE, Yout AS DOUBLE, YLagr AS DOUBLE
DIM h AS DOUBLE
DIM ax(0 TO Nmax%) AS DOUBLE, ay(0 TO Nmax%) AS DOUBLE
DIM Xmin(1 TO 2) AS DOUBLE, Xmax(1 TO 2) AS DOUBLE
Xmin(1) = 0: Xmax(1) = 2: Xmin(2) = -1: Xmax(2) = 1
DIM NameF(1 TO 2) AS STRING
NameF(1) = "       1. F(x)=exp(x)"
NameF(2) = "       2. F(x)=ln(1+100*x*x)"
'îòêðûâàåì ôàéë "Fout" íà çàïèñü è ïpèñâàèâàåì
'åìó íîìåp #1
OPEN "Fout" FOR OUTPUT AS #1
FOR NF = 1 TO 2 'Öèêë ôóíêöèé
 h = (Xmax(NF) - Xmin(NF)) / n 'øàã óçëîâ
 'Âû÷èñëÿåì óçëû è çíà÷åíèÿ òåñòèðóåìîé ôóíêöèè  â íèõ
 FOR i = 0 TO n
  ax(i) = Xmin(NF) + i * h: ay(i) = F#(NF, ax#(i))
 NEXT i
 'ôîpìàò âûâîäà
 format$ = "##.####  #.#######   ###.########"
 'Âûâîä â ôàéë #1 çàãîëîâêà âûõîäíîé òàáëèöû
 PRINT #1, NameF(NF)
 PRINT #1, "Xout     Yout         Lagr"
 'Âû÷èñëÿåì òî÷êè âûâîäà, à òàêæå çíà÷åíèÿ òåñòèðóåìîé
 'ôóíêöèè è èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà â íèõ
 FOR i = 0 TO 2 * n 'Öèêë òî÷åê âûâîäà
  Xout = Xmin(NF) + i * h / 2
  Yout = F(NF, Xout): YLagr = Lagr#(n, ax(), ay(), Xout)
  'Âûâîä â ôàéë #1 ñòðîêè âûõîäíîé òàáëèöû
  PRINT #1, USING format$; Xout; Yout; YLagr
 NEXT i             'Öèêë òî÷åê âûâîäà
NEXT NF         'Öèêë ôóíêöèé
CLOSE 'çàêpûâàåì ôàéë #1
END

FUNCTION F# (NF%, x#)
'Ôóíêöèè, äëÿ êîòîpûõ íàõîäÿòñÿ
'èíòåpïîëÿöèîííûå ìíîãî÷ëåíû
SELECT CASE NF%
 CASE 1
  F# = EXP(x#)
 CASE 2
  F# = LOG(1 + 100 * x# * x#)
END SELECT
END FUNCTION
FUNCTION Lagr# (n%, ax#(), ay#(), x#)
...
END FUNCTION

Âûïîëíèâ ëþáóþ èç ýòèõ ïðîãðàìì ïðè n=8, ìîæíî óáåäèòüñÿ, ÷òî ðàñõîæäåíèå ìåæäó ýêñïîíåíòîé è åå
èíòåpïîëÿöèîííûì ìíîãî÷ëåíîì íå ïðåâûøàåò äâóõ åäèíèö ñåäüìîãî äðîáíîãî ðàçðÿäà, ò.å. êà÷åñòâî àïïðîê-
ñèìàöèè î÷åíü âûñîêîå.

Äëÿ âòîðîé ôóíêöèè (1) ñèòóàöèÿ ñîâñåì èíàÿ. Íà ðèñ. 2 ïðåäñòàâëåíû ãðàôèêè ôóíêöèè

F x x( ) ( )= +ln 1 100 2  (ñïëîøíàÿ ëèíèÿ) è åå èíòåpïîëÿöèîííîãî ìíîãî÷ëåíà Lagr(x) (ïóíêòèð).  Âèäíî,

÷òî èíòåðïîëÿöèîííûé ìíîãî÷ëåí  õîòÿ áû êà÷åñòâåííî âîñïðîèçâîäèò ôóíêöèþ F(x) ëèøü ïðè ìàëûõ x, à
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Number,Sin:string;
n,X0,Y0,W,H,gd,gm,kode:integer;
M:double;
Tb,Te,L,i,j,Ind,IndE,pB:byte;
aX,aY:tArr;
procedure MomSpline(n:byte; var aX,aY,Mom:tArr;
             begT,EndT:byte; DerB,DerE:double);
...
end;{MomSpline}
function Spline(var aX,aY,Mom:tArr; x:double):double;
...
end;{Spline}
procedure WH(var W,H:integer);{øèðèíà è âûñîòà ýêðàíà}
begin
{Ôóíêöèè GetMaxX è GetMaxY âîçâðàùàþò ìàêñèìàëüíûå çíà÷åíèÿ ñîîòâåòñòâóþùèõ ýêðàííûõ
êîîðäèíàò}
W:=(GetMaxX+1);{Øèðèíà}
H:=(GetMaxY+1);{Âûñîòà}
end;
Function Xscr(X:Integer):Integer;
{Ïåðåõîä îò öåíòðàëüíîé êîîðäèíàòû X ê ýêðàííîé}
Begin Xscr:=X + W div 2 end;
Function Yscr(Y:Integer):Integer;
{Ïåðåõîä îò öåíòðàëüíîé êîîðäèíàòû Y ê ýêðàííîé}
Begin Yscr:=H div 2 - Y end;
procedure Curve(X0,Y0:integer; var aX,AY:tArr;
                  M:real; N:byte; Tb,Te:byte);
...
end;{Curve}
function PosBlank(S:string; Beg:byte):byte;
{Îïpåäåëåíèå ïîçèöèè ïåpâîãî ïpîáåëà, íàõîäÿùåãîñÿ â ñòpîêå S ïpàâåå ïîçèöèè Beg,
ñ÷èòàÿ, ÷òî òàêîé ïpîáåë ñóùåñòâóåò}
var i:byte;
begin
i:=Beg+1; while S[i]<>' ' do inc(i); PosBlank:=i
end;
BEGIN
{Ñâÿçûâàåì ëîãè÷åñêèé ôàéë Fin c "ôèçè÷åñêèì" ôàéëîì "word" è îòêðûâàåì åãî íà ÷òåíèå}
assign(Fin,'word'); reset(Fin);
write('Óêàæèòå X0  â öåíòðàëüíûõ êîîðäèíàòàõ ');
readln(X0);
write('Óêàæèòå Y0  â öåíòðàëüíûõ êîîðäèíàòàõ ');
readln(Y0);
write('Óêàæèòå ìàñøòàá'); readln(M);
gd:=DETECT;
initgraph(gd,gm,path);{Ïåpåõîä â ãpàôè÷åñêèé påæèì}
WH(W,H); {Îïðåäåëÿåì øèðèíó è âûñîòó ýêðàíà}
setcolor(white);{Öâåò ëèíèè - áåëûé}
repeat         {Öèêë ÷òåíèÿ ôàéëà}
 readln(Fin,Sin);
 L:=length(Sin);{Äëèíà ñòðîêè Sin}
 Tb:=ord(Sin[4])-ord('0');{Êîä íà÷àëà}
 Te:=ord(Sin[L])-ord('0');{Êîä êîíöà}
 Ind:=6; IndE:=L-3; n:=-1;
 repeat         {Öèêë ÷òåíèÿ êîîðäèíàò}
  inc(n);
  for j:=1 to 2 do begin{Êîîpäèíàòû î÷åpåäíîé òî÷êè}
  pB:=PosBlank(Sin,Ind);
  {Number - ñòðîêîâàÿ çàïèñü î÷åðåäíîé êîîðäèíàòû}
  Number:=copy(Sin,Ind,pB-Ind);
  {Ïåðåâîä ñòðîêè Number â ýëåìåíò ìàññèâà}
  if j=1 then val(Number,aX[n],kode)
  else        val(Number,aY[n],kode);
  Ind:=pB+1;
                    end;{Êîîpäèíàòû î÷åpåäíîé òî÷êè}
 until Ind=IndE;{Öèêë ÷òåíèÿ êîîðäèíàò}
 Curve(X0,Y0,aX,AY,M,n,Tb,Te);{Èçîáðàæàåì êðèâóþ}
until EoF(Fin);{Öèêë ÷òåíèÿ ôàéëà}
readln;{Âûõîä - íàæàòèåì êëàâèøè Enter}
CloseGraph;{Ïåpåõîä â òåêñòîâûé påæèì}
close(Fin);{Çàêpûâàåì ôàéë Fin}
END.
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   1: F:=exp(x);
   2: F:=ln(1+100*x*x);
end;{Case NF}
end;
BEGIN
  {Ñâÿçûâàåì ëîãè÷åñêèé ôàéë Fout c "ôèçè÷åñêèì" - 'Fout' è îòêðûâàåì åãî íà çàïèñü}
  assign(Fout,'Fout'); rewrite(Fout);
  for NF:=1 to 2 do begin {Öèêë ôóíêöèé}
   h:=(Xmax[NF]-Xmin[NF])/n; {øàã óçëîâ}
   {Âû÷èñëÿåì óçëû è çíà÷åíèÿ òåñòèðóåìîé ôóíêöèè â íèõ}
   for i:=0 to n do
   begin aX[I]:=Xmin[NF]+i*h; aY[i]:=F(NF,aX[I]) end;
     {Çàãîëîâîê âûõîäíîé òàáëèöû}
     writeln(Fout,NameF[NF]);
      writeln(Fout,'Xout     F     YLagr');
     {Âû÷èñëÿåì òî÷êè âûâîäà, à òàêæå çíà÷åíèÿ òåñòèðóåìîé
      ôóíêöèè è èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà â íèõ }
 for i:=0 to 2*n do begin {Öèêë òî÷åê âûâîäà}
  Xout:=Xmin[NF]+i*h/2;
  Yout:=F(NF,Xout); YLagr:=Lagr(n,aX,aY,Xout);
  {âûâîä  ñòðîêè âûõîäíîé òàáëèöû}
  writeln(Fout,Xout:6:4,'  ',Yout:9:7,' ',YLagr:10:7);
                     end;{Öèêë òî÷åê âûâîäà}
                   end;{Öèêë ôóíêöèé}
close(Fout);
END.

ßçûê Ñè

#include<stdio.h>
#include<math.h>
#define Nmax 50 /*Ìàêñèìàëüíîå ÷èñëî óçëîâ*/
int N=8;/*×èñëî èíòåpâàëîâ*/
double Xmin[2]={0,-1}; Xmax[2]={2,1};/*Ãðàíè÷íûå óçëû*/
double Lagr(int n, double *ax, double *ay, double x)
...
}
double F(int NF,double x)
/* Ôóíêöèè, äëÿ êîòîpûõ íàõîäÿòñÿ èíòåpïîëÿöèîííûå ñïëàéíû  */
{switch (NF)
 {case 0: return exp(x);
  case 1: return log(1+100*x*x);
 }
}
void main()
{int i,NF; double ax[Nmax],ay[Nmax];
 double h,xout,yout,yLagr;
 FILE *Fout;
 char *NameF[2]={
 "       1. F(x)=exp(x)",
 "       2. F(x)=ln(1+100*x*x)"};
 /* Ñâÿçûâàåì ëîãè÷åñêèé ôàéë Fout c "ôèçè÷åñêèì" - "Fout" è îòêðûâàåì åãî íà çàïèñü */
 Fout=fopen("Fout","w");
 for (NF=0;NF<2; NF++)/*Öèêë ôóíêöèé*/
  {h=(Xmax[NF]-Xmin[NF])/N; /* øàã óçëîâ */
  /*Âû÷èñëÿåì óçëû è çíà÷åíèÿ òåñòèðóåìîé ôóíêöèè â íèõ*/
  for (i=0; i<=N; i++)
   {ax[i]=Xmin[NF]+i*h; ay[i]=F(NF,ax[i]);}
   /* çàãîëîâîê âûõîäíîé òàáëèöû */
   fprintf(Fout,"%.50s\n",NameF[NF]);
   fprintf(Fout,"Xout     Yout      YLagr\n");

   /*Âû÷èñëÿåì òî÷êè âûâîäà, à òàêæå çíà÷åíèÿ òåñòèðóåìîé
     ôóíêöèè è èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà â íèõ */
   for (i=0; i<=2*N; i++)/*Öèêë òî÷åê âûâîäà*/
    {xout=Xmin[NF]+i*h/2;
     yout=F(NF,xout); yLagr=Lagr(N,ax,ay,xout);
    /*Âûâîä â ôàéë Fout ñòðîêè âûõîäíîé òàáëèöû*/
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ßçûê Ñè

/* èçîáðàæåíèå "ðóêîïèñíîãî" òåêñòà ñ ïîìîùüþ ïàðàìåòðè÷åñêîãî ñïëàéíà */
#include<stdio.h>
#include<graphics.h>
#include<math.h>
#include<conio.h>
#include<string.h>
#define Nmax 50 /* Ìàêñèìàëüíîå ÷èñëî èíòåpâàëîâ */
#define PATH "" /*Ôàéëû *.BGI íàõîäÿòñÿ â pàáî÷åì êàòàëîãå*/
int W,H;
int round(double f) /* Îêpóãëåíèå äî áëèæàéøåãî öåëîãî */
{return (int)floor(f+0.5);}
void WH(int *W, int *H) /* øèðèíà è âûñîòà ýêðàíà */
/* Ôóíêöèè getmaxx è getmaxy âîçâðàùàþò ìàêñèìàëüíûå çíà÷åíèÿ ñîîòâåòñòâóþùèõ ýêðàííûõ
êîîðäèíàò */
{*W=getmaxx()+1; *H=getmaxy()+1;}
/*Ïåðåõîä îò öåíòðàëüíûõ êîîðäèíàò X è Y ê ýêðàííîé*/
int Xscr(int x){ return x+W/2;}
int Yscr(int y){ return H/2-y;}
void MomSpline(int n, double *ax, double *ay, double *mom,
{
...
}
double Spline(double *ax, double *ay, double *mom, double x)
{
...
}
void Curve (int X0,int Y0, double *aX, double *aY,
                 double M, int N, int Tb, int Te)
{
...
}
int PosBlank(char *S,int Beg)
/* Îïpåäåëåíèå ïîçèöèè ïåpâîãî ïpîáåëà, íàõîäÿùåãîñÿ â ñòpîêå S ïpàâåå ïîçèöèè Beg,
ñ÷èòàÿ, ÷òî òàêîé ïpîáåë ñóùåñòâóåò */
{int i;
 i=Beg+1; while(S[i] != ' ') i++; return i;
}
void Substr(char S[],int Start, int L, char *Sub)
/* Âûäåëåíèå èç ñòðîêè S ïîäñòðîêè Sub äëèíîé L c íà÷àëüíîé ïîçèöèè Start */
{int i;
 for (i=0; i<L; i++) Sub[i]=S[Start+i]; Sub[L]='\0';
}
void main()
{char Number[20],Sin[100];
 int n,X0,Y0,gd,gm,kode,Tb,Te,L,i,j,Ind,IndE,pB;
 double aX[Nmax],aY[Nmax];
 double M;
 FILE *Fin;
 /* Ñâÿçûâàåì ëîãè÷åñêèé ôàéë Fin c "ôèçè÷åñêèì" ôàéëîì "word" è îòêðûâàåì åãî íà ÷òåíèå */
 Fin=fopen("word","r");
 printf("\nÓêàæèòå X0  â öåíòðàëüíûõ êîîðäèíàòàõ ");
 scanf("%d",&X0);
 printf("\nÓêàæèòå Y0  â öåíòðàëüíûõ êîîðäèíàòàõ ");
 scanf("%d�,&Y0);
 printf("\nÓêàæèòå ìàñøòàá "); scanf("%lf",&M);
 gd=DETECT;
 initgraph(&gd,&gm,PATH); /* Ïåpåõîä â ãpàôè÷åñêèé påæèì */
 WH(&W,&H); /* Îïpåäåëåíèå øèðèíû è âûñîòû ýêðàíà */
 setcolor(WHITE) ;/*Öâåò ëèíèè - áåëûé*/
 while (feof(Fin) == 0) /*Öèêë ÷òåíèÿ ôàéëà*/
  {fgets(Sin,100,Fin);/* ×èòàåì î÷åðåäíóþ ñòðîêó ôàéëà Fin*/
   L=strlen(Sin);/* Äëèíà ñòðîêè Sin */
   /* Åñëè ñòðîêà - íå ïîñëåäíÿÿ, òî â åå êîíöå
      íàõîäèòñÿ ñèìâîë '\n', îò êîòîðîãî íàäî èçáàâèòüñÿ */
   if (feof(Fin) == 0) {L�; Sin[L]='\0';}
   Tb=Sin[3]-'0'; Te=Sin[L-1]-'0';/*Êîäû íà÷àëà è êîíöà*/
   Ind=5; IndE=L-4; n=-1;
   do                   /* Öèêë ÷òåíèÿ êîîðäèíàò */
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ßçûê Ñè

double Lagr(int n, double *ax, double *ay, double x)
{int i,j; double sum=0,add;
 for (i=0; i<=n; i++)
  {add=ay[i];
   for (j=0; j<=n; j++)
   if (i != j) add*=(x-ax[j])/(ax[i]-ax[j]);
   sum+=add;
  }
 return sum;
}

ßçûê Áåéñèê

FUNCTION Lagr# (n%, ax#(), ay#(), x#)
DIM i%, j%, add#, sum#
sum# = 0
FOR i% = 0 TO n%
 add# = ay#(i%)
  FOR j% = 0 TO n%
   IF NOT i% = j% THEN
    add# = add# * (x# - ax#(j%)) / (ax#(i%) - ax#(j%))
   END IF
  NEXT j%
 sum# = sum# + add#
NEXT i%
Lagr# = sum#
END FUNCTION

Ïðîâåäåì íåáîëüøîå èññëåäîâàíèå �êà÷åñòâà� àïïðîêñèìàöèè ïîñðåäñòâîì èíòåðïîëÿöèîííûõ ìíîãî÷ëå-
íîâ Ëàãðàíæà. Èñïîëüçóåì â êà÷åñòâå òåñòîâ äâå ôóíêöèè:

à) ýêñïîíåíòó exp x â ïðîìåæóòêå [0, 2];

á) ôóíêöèþ  F x x( ) ( )= +ln 1 100 2 â ïðîìåæóòêå (�1, 1). (1)

 Cîñòàâèì ñîîòâåòñòâóþùèå ïðîãðàììû. Ïðè ýòîì óçëû áóäåì ïðåäïîëàãàòü ðàâíîîòñòîÿùèìè. Çíà÷åíèÿ ôóíê-
öèè è èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà áóäåì âû÷èñëÿòü â óçëàõ è ïîñðåäèíå êàæäîãî èíòåðâàëà ìåæäó íèìè.
Ðàçóìååòñÿ, â óçëàõ çíà÷åíèÿ ôóíêöèè è èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà äîëæíû ñîâïàñòü. Âî-ïåðâûõ, íå ïîìåøàåò
â ýòîì óáåäèòüñÿ, à âî-âòîðûõ, îíè ïðèãîäÿòñÿ, åñëè ìû çàõîòèì ïîñòðîèòü ãðàôèêè ôóíêöèè è åå èíòåðïîëÿöèîí-
íîãî ìíîãî÷ëåíà. Ïàðàìåòð � ÷èñëî èíòåðâàëîâ n � çàäàåòñÿ íåïîñðåäñòâåííî â ïðîãðàììå êàê êîíñòàíòà.

ßçûê Ïàñêàëü

{Ïðîãðàììà òåñòèðîâàíèÿ èíòåðïîëÿöèîííûõ ìíîãî÷ëåíîâ Ëàãpàíæà}
const Nmax=50; {Ìàêñèìàëüíîå ÷èñëî èíòåðâàëîâ}
type
tArr=array[0..Nmax] of double;
Tarr2=array[1..2] of double;
const
NameF:array[1..2] of string[50]=(
'       1. F(x)=exp(x)',
'       2. F(x)=ln(1+100*x*x)');
n=8;{÷èñëî èíòåðâàëîâ}
Xmin:tArr2=(0,-1); Xmax:tArr2=(2,1);{Ãðàíè÷íûå óçëû}
var
i,NF:byte;
aX,aY:tArr;
h,Xout,Yout,YLagr:double;
Fout:text;
function Lagr(n:byte; var aX,aY:tArr; x:double):double;
...

end;{Lagr}
function F(NF:byte; x:double):double;
{Ôóíêöèè, äëÿ êîòîpûõ íàõîäÿòñÿ èíòåpïîëÿöèîííûå ìíîãî÷ëåíû}
begin
 Case NF of
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    {n++;
     for (j=1; j<=2; j++)/*Êîîpäèíàòû î÷åpåäíîé òî÷êè*/
      {pB=PosBlank(Sin,Ind);
       /*Number - ñòðîêîâàÿ çàïèñü î÷åðåäíîé êîîðäèíàòû*/
       Substr(Sin,Ind,pB-Ind,Number);
       /*Ïåðåâîä ñòðîêè Number â ýëåìåíò ìàññèâà*/
       if (j==1)  aX[n]=atof(Number);
       else       aY[n]=atof(Number);
       Ind=pB+1;
      }                  /*Êîîpäèíàòû î÷åpåäíîé òî÷êè*/
    }
   while (Ind != IndE); /* Öèêë ÷òåíèÿ êîîðäèíàò */
   Curve(X0,Y0,aX,aY,M,n,Tb,Te);/*Èçîáðàæàåì êðèâóþ*/
  }                      /*Öèêë ÷òåíèÿ ôàéëà*/
 getch(); /* Âûõîä - íàæàòèåì ëþáîé êëàâèøè */
 closegraph(); /* Ïåpåõîä â òåêñòîâûé påæèì */
 fclose(Fin); /* Çàêpûâàåì ôàéë Fin */
}

ßçûê Áåéñèê

'Èçîáðàæåíèå "ðóêîïèñíîãî" òåêñòà ñ ïîìîùüþ ïàðàìåòðè÷åñêîãî ñïëàéíà
DECLARE SUB Curve (aX#(), aY#(), M#, Param%())
DECLARE SUB MomSpline (n%, aX#(), aY#(), Mom#(), BC%(), Der#())
DECLARE FUNCTION PosBlank% (S$, Beg%)
DECLARE FUNCTION Round% (A#)
DECLARE FUNCTION Spline# (aX#(), aY#(), Mom#(), X#)
DECLARE FUNCTION Xscr% (X%)
DECLARE FUNCTION Yscr% (Y%)
DIM SHARED Ws AS INTEGER, Hs AS INTEGER
Ws = 640: Hs = 480 'øèðèíà è âûñîòà ýêðàíà_
Nmax% = 50 'Ìàêñèìàëüíîå ÷èñëî èíòåðâàëîâ
DIM aX(0 TO Nmax%)  AS DOUBLE, aY(0 TO Nmax%) AS DOUBLE
DIM X0 AS INTEGER, Y0 AS INTEGER
DIM White AS INTEGER: White = 15
DIM Sf AS STRING, Number AS STRING
DIM Param(1 TO 6) AS INTEGER
DIM n%, Tb%, Te%, L%, i%, j%, Ind%, IndE%, pB%, M#
'Îòêpûâàåì ôèçè÷åñêèé ôàéë "word" íà ÷òåíèå è äàåì åìó íîìåp #1
OPEN "word" FOR INPUT AS #1
INPUT "Óêàæèòå X0  â öåíòðàëüíûõ êîîðäèíàòàõ ", X0
INPUT "Óêàæèòå Y0  â öåíòðàëüíûõ êîîðäèíàòàõ ", Y0
INPUT "Óêàæèòå ìàñøòàá ", M#
SCREEN 12 'Ïåpåõîä â ãpàôè÷åñêèé påæèì äëÿ ìîíèòîpà VGA
DO                  'Öèêë ÷òåíèÿ ôàéëà
 LINE INPUT #1, Sf
 L% = LEN(Sf) 'Äëèíà ñòðîêè Sf
 Tb% = ASC(MID$(Sf, 4, 1)) - ASC("0")'Êîä íà÷àëà
 Te% = ASC(RIGHT$(Sf, 1)) - ASC("0") 'Êîä êîíöà
 Ind% = 6: IndE% = L% - 3: n% = -1
 DO                      'Öèêë ÷òåíèÿ êîîðäèíàò
  n% = n% + 1
  FOR j% = 1 TO 2 'Êîîpäèíàòû î÷åpåäíîé òî÷êè
   pB% = PosBlank%(Sf, Ind%)
   'Number - ñòðîêîâàÿ çàïèñü î÷åðåäíîé êîîðäèíàòû
   Number = MID$(Sf, Ind%, pB% - Ind%)
   IF j% = 1 THEN
    aX(n%) = VAL(Number)
   ELSE
    aY(n%) = VAL(Number)
   END IF
   Ind% = pB% + 1
  NEXT j%         'Êîîpäèíàòû î÷åpåäíîé òî÷êè
 LOOP UNTIL Ind% = IndE% 'Öèêë ÷òåíèÿ êîîðäèíàò
 Param(1) = X0: Param(2) = Y0: Param(3) = n%:
 Param(4) = Tb%: Param(5) = Te%: Param(6) = White
 'Èçîáðàæàåì êðèâóþ
 CALL Curve(aX(), aY(), M#, Param%())
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Ââåäåíèå
Ìû ðàññêàæåì î ñîâðåìåííîì ìåòîäå èíòåðïîëÿöèè, îñíîâàííîì íà èñïîëüçîâàíèè ñïëàéíîâ. Â ïåðâîì

ðàçäåëå ðàññìàòðèâàåòñÿ êëàññè÷åñêèé ìåòîä èíòåðïîëÿöèè, èñïîëüçóþùèé ìíîãî÷ëåíû Ëàãðàíæà. Ñîîáùàåòñÿ,
êàêèå òðóäíîñòè è ïðîáëåìû ñâÿçàíû ñ ýòèì ìåòîäîì. Âî âòîðîì ðàçäåëå äàåòñÿ îïðåäåëåíèå ñïëàéíà è èçëàãà-
þòñÿ èäåè, íà êîòîðûõ îñíîâàí ìåòîä ñïëàéíîâ. Òðåòèé ðàçäåë ïîñâÿùåí àëãîðèòìó ïîñòðîåíèÿ ñïëàéíîâ. Â
÷åòâåðòîì ðàçäåëå äåìîíñòðèðóåòñÿ ýôôåêòèâíîñòü  èíòåðïîëÿöèè ñ ïîìîùüþ ñïëàéíîâ. Íàêîíåö, â ïÿòîì
ðàçäåëå ðàññêàçûâàåòñÿ î ïðèìåíåíèè ïàðàìåòðè÷åñêèõ ñïëàéíîâ äëÿ ïðîâåäåíèÿ ïëàâíûõ êðèâûõ ÷åðåç çàäàí-
íûå òî÷êè.

Äëÿ âñåõ îñíîâíûõ àëãîðèòìîâ èíòåðïîëÿöèè ïðèâîäÿòñÿ ñîîòâåòñòâóþùèå ôóíêöèè è ïðîöåäóðû íà ÿçûêàõ
ïðîãðàììèðîâàíèÿ Ïàñêàëü,  Ñè è Áåéñèê (âåðñèÿ QBasic). Òàêæå ïðèâîäÿòñÿ ïðîãðàììû, èëëþñòðèðóþùèå
ïðèìåíåíèå ýòèõ ôóíêöèé è ïðîöåäóð.

1. Èíòåðïîëÿöèîííûå ìíîãî÷ëåíû Ëàãðàíæà
Íàïîìíèì ïîñòàíîâêó çàäà÷è èíòåðïîëÿöèè: èìåÿ òàáëèöó çíà÷åíèé ôóíêöèè è íåêîòîðûé êëàññ íåïðåðûâ-

íûõ ôóíêöèé, âûáðàòü èç íåãî ôóíêöèþ, ãðàôèê êîòîðîé ïðîõîäèò ÷åðåç çàäàííûå òî÷êè èëè, â ãåîìåòðè÷åñ-
êîé òðàêòîâêå, ïðîâåñòè ïëàâíóþ êðèâóþ ÷åðåç çàäàííûå òî÷êè. Êëàññ ôóíêöèé äîëæåí áûòü äîñòàòî÷íî
óçêèì, ÷òîáû âûáîð áûë åäèíñòâåííûì, è òàêèì, ÷òîáû íàéäåííàÿ ôóíêöèÿ îòâå÷àëà íàøåìó èíòóèòèâíîìó
ïðåäñòàâëåíèþ î ïëàâíîé êðèâîé.

Èçäàâíà ñ÷èòàëîñü, ÷òî òàêîé êëàññ îáðàçóþò ìíîãî÷ëåíû. Çàäà÷à èíòåðïîëÿöèè ñ ïîìîùüþ ìíîãî÷ëåíîâ
ôîðìóëèðóåòñÿ  ñëåäóþùèì îáðàçîì. Ïðîìåæóòîê [x

0
, x

n
] ðàçáèò íà n èíòåðâàëîâ òî÷êàìè (èëè, êàê ãîâîðÿò,

óçëàìè):

x
0
, x
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, x
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i
. Â óçëàõ çàäàíû çíà÷åíèÿ ôóíêöèè F(x): y

i 
= F(x

i
) (ñì. ðèñ. 1). Òðåáóåòñÿ ïîñòðîèòü

ìíîãî÷ëåí âîçìîæíî ìåíüøåé ñòåïåíè, çíà÷åíèÿ êîòîðîãî â óçëàõ ðàâíû y
i
, ò.å. îíè äîëæíû ñîâïàäàòü ñî

çíà÷åíèÿìè ôóíêöèè F(x). Òàêîé ìíîãî÷ëåí íàçûâàåòñÿ èíòåðïîëÿöèîííûì ìíîãî÷ëåíîì ôóíêöèè F(x). Åñ-
òåñòâåííî ïîëàãàòü, ÷òî ïðè äîñòàòî÷íîì ÷èñëå óçëîâ ãðàôèê èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà áóäåò ïîõîæ íà
ãðàôèê ïîðîæäàþùåé åãî ôóíêöèè, îäíàêî ýòî âñåãî ëèøü ïðåäïîëîæåíèå, ãèïîòåçà.

Óêàçàííàÿ çàäà÷à ïðèâëåêàëà âíèìàíèå ìíîãèõ  ìàòåìàòèêîâ, âêëþ÷àÿ Íüþòîíà è Ãàóññà, íà÷èíàÿ ñ
XVII âåêà. Âèäèìî, íàèáîëåå ïðîñòóþ  ôîðìóëó èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà ïðåäëîæèë Ëàãðàíæ [1].
Ñíà÷àëà ïðèâåäåì ôîðìóëó äëÿ i-ãî �ôóíäàìåíòàëüíîãî� ìíîãî÷ëåíà Ëàãðàíæà:

L
i
(x) = 

( )( ) .. . ( )( ) .. . ( )

( )( ) .. . ( )( ) .. . ( )

x x x x x x x x x x

x x x x x x x x x x
i i n

i i i i i i i n

− − − − −
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− +

− +

0 1 1 1

0 1 1 1
.

Ñðàçó âèäíî, ÷òî ýòî âûðàæåíèå � ìíîãî÷ëåí ñòåïåíè n è, êðîìå
òîãî, â i-ì óçëå îí ðàâåí åäèíèöå, à â îñòàëüíûõ óçëàõ � íóëþ. Îòñþäà
ñëåäóåò, ÷òî èíòåðïîëÿöèîííûé ìíîãî÷ëåí ìîæíî çàïèñàòü â âèäå:

L(x) = y
0
L

0
(x) + y

1
L

1
(x) + ... + y

n
L

n
(x).

Ïðèâåäåì çàïèñü ôóíêöèè Lagr(n, ax, ay, x), ïîçâîëÿþùåé
íàõîäèòü çíà÷åíèå èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà Ëàãðàíæà ñòåïå-
íè n  â òî÷êå x, äëÿ óêàçàííûõ âûøå ÿçûêîâ ïðîãðàììèðîâàíèÿ.
Ïðè ýòîì ax, ay � ìàññèâû óçëîâ è îðäèíàò.

ßçûê Ïàñêàëü

Çäåñü è íèæå èñïîëüçóþòñÿ êîíñòàíòà è òèï:

const Nmax=50;{Ìàêñèìàëüíîå ÷èñëî èíòåðâàëîâ}
type tArr=array[0..Nmax] of double;
function Lagr(n:byte; var aX,aY:tArr; x:double):double;
var I,J:byte; Sum,Add:double;
begin
  Sum:=0;
  for I:=0 to n do begin
   Add:=aY[I];
   for J:=0 to n do
   if J<>I then Add:=Add*(x-aX[J])/(aX[I]-aX[J]);
   Sum:=Sum+Add;
                   end;
Lagr:=Sum;
end;{Lagr}

Ðèñ. 1
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LOOP UNTIL (EOF(1)) 'Öèêë ÷òåíèÿ ôàéëà
'Âûõîä - íàæàòèåì êëàâèøè Enter
DO: LOOP UNTIL INKEY$ = CHR$(13)
SCREEN 0 'Ïåpåõîä â òåêñòîâûé påæèì
CLOSE #1 'Çàêpûâàåì ôàéë "word"
END

SUB Curve (aX#(), aY#(), M#, Param%())
...
END SUB

SUB MomSpline (n%, aX#(), aY#(), Mom#(), BC%(), Der#())
...
END SUB

FUNCTION PosBlank% (S$, Beg%)
'Îïpåäåëåíèå ïîçèöèè ïåpâîãî ïpîáåëà, íàõîäÿùåãîñÿ â ñòpîêå S ïpàâåå ïîçèöèè Beg,
'ñ÷èòàÿ, ÷òî òàêîé ïpîáåë ñóùåñòâóåò
DIM i AS INTEGER
i = Beg% + 1
DO WHILE MID$(S$, i, 1) <> " ": i = i + 1: LOOP
PosBlank% = i
END FUNCTION

FUNCTION Round% (A#)
'Îêpóãëåíèå äî áëèæàéøåãî öåëîãî
Round% = INT(A# + .5)
END FUNCTION

FUNCTION Spline# (aX#(), aY#(), Mom#(), X#)
...
END FUNCTION

FUNCTION Xscr% (X%)
'Ïåðåõîä îò öåíòðàëüíîé êîîðäèíàòû X ê ýêðàííîé
Xscr% = X% + Ws / 2
END FUNCTION

FUNCTION Yscr% (Y%)
'Ïåðåõîä îò öåíòðàëüíîé êîîðäèíàòû Y ê ýêðàííîé
Yscr% = Hs / 2 - Y%
END FUNCTION

Ïðèâåäåì ïðèìåð ôàéëà WORD:

Tb=2 3 2 4.5 0 8 3 10 6.5 12 10 13.5 13.5 15 15 Te=2
Tb=1 15 15 12 10 9 5 9 1 11 0 16 3 Te=2
Tb=1 22 15 19 10 16 5 16 1 18 0 23 3 Te=2
Tb=3 25 0 23.5 3.5 25 6.5 27 9.5 30 10 31.5 8 30.5 5 29 2 25 0 Te=3
Tb=1 33 10 30 5 29 3.3 29 1.7 31 0 33 2 Te=2
Tb=1 37 10 34 5 33 3.3 33 1.7 35 0 38 3 Te=2
Tb=1 42 10 39 5 38 3.3 38 1.7 40 0 43 3 Te=2
Tb=1 47 10 44 5 43 3.3 43 1.7 45 0 48 3 Te=2
Tb=3 50 0 48.5 3.5 50 6.5 52 9.5 55 10 56.5 8 55.5 5 54 2 50 0 Te=3
Tb=1 58 10 55 5 54 3.3 54 1.7 56 0 58 2 Te=2
Tb=1 72 10 69 5 68 3.3 68 1.7 70 0 73 3 Te=2
Tb=1 77 10 74 5 73 3.3 73 1.7 75 0 78 3 Te=2
Tb=1 98 10 95 5 93.5 2.5 91 0 89.5 2.5 Te=2
Tb=1 98 10 95 5 94 3.3 94 1.7 96 0 99 3 Te=2
Tb=1 103 10 100 5 99 3.3 99 1.7 101 0 104 3 Te=2
Tb=2 104 3 108 5 110 7 110 10 108 9 106 7 104 3 106 0 110 2 112 5 Te=2
Tb=3 113 0 111.5 3.5 113 6.5 115 9.5 118 10 119.5 8 118.5 5 117 2 113 0 Te=3
Tb=1 121 10 118 5 115 0 112 -5 110.5 -7 109 -5 110 -4 115 0 123 6.4 Te=1
Tb=1 123 6.4 126.6 10 130.6 14 129 17 127.6 14 125 9.73 123 6.4 Te=1
Tb=3 124 0 122.5 3.5 124 6.5 126 9.5 129 10 130.5 8 129.5 5 128 2 124 0 Te=3
Tb=1 128 2 132 3 Tb=1
Tb=2 132 3 136 5 138 7 138 10 136 9 134 7 132 3 134 0 138 2 140 5 Te=2
Tb=3 141 0 139.5 3.5 141 6.5 143 9.5 146 10 147.5 8 146.5 5 145 2 141 0 Te=3
Tb=1 149 10 146 5 143 0 140 -5 138.5 -7 137 -5 138 -4 143 0 151 6.4 Te=1
Tb=1 153 10 150 5 149 3.3 149 1.7 151 0 154 1.7 154 4 152 6 150 5 Te=2



1999 ¹ 4 ÈÍÔÎÐÌÀÒÈÊÀ1999 ¹ 4 ÈÍÔÎÐÌÀÒÈÊÀ

1

1¹   4   (197) ÿíâàðü 1999

ÈÍÔÎÐÌÀÒÈÊ

åæåíåäåëüíîå
ÏÐÈËÎÆÅÍÈÅ Ê ÃÀÇÅÒÅ
«ÏÅÐÂÎÅ ÑÅÍÒßÁÐß»

Ñïëàéíû �
èíñòðóìåíò èíòåðïîëÿöèè

Þ.À. ÑÎÊÎËÈÍÑÊÈÉ

32

Òåêñò, çàêîäèðîâàííûé â ýòîì ôàéëå, ïðåäñòàâëåí íà ðèñ. 5. Íàäååìñÿ, ÷èòàòåëÿ íå çàòðóäíèò åãî ÷òåíèå è
îí ñîãëàñèòñÿ, ÷òî ïîñðåäñòâîì ïàðàìåòðè÷åñêèõ ñïëàéíîâ ìîæíî âïîëíå ïðèëè÷íî èçîáðàçèòü ðóêîïèñíûå
áóêâû. Êîíå÷íî, ïðèâåäåííîå ðåøåíèå ìîæíî çíà÷èòåëüíî óëó÷øèòü. Âî-ïåðâûõ, ïðîãðàììà íå ñîäåðæèò
êîíòðîëÿ è äèàãíîñòèêè. Åñòü ó íåå è áîëåå ñåðüåçíûé íåäîñòàòîê. Ôàéë èñõîäíûõ äàííûõ íåèçáåæíî áóäåò
ñîäåðæàòü îäíè è òå æå ýëåìåíòû. Èõ çàïèñü îòëè÷àåòñÿ òîëüêî àáñöèññàìè òî÷åê, ïðè÷åì ðàçíîñòü àáñöèññ
ñîîòâåòñòâóþùèõ òî÷åê äâóõ îäèíàêîâûõ ýëåìåíòîâ ïîñòîÿííà. Ñîñòàâëåíèå ïîäîáíîãî ôàéëà ïðåäñòàâëÿåò
ñîáîé äîâîëüíî òðóäîåìêóþ è íóäíóþ ðàáîòó.

Áîëåå ýôôåêòèâíûé, íî çàòî è áîëåå ñëîæíûé ñïîñîá ðåøåíèÿ çàêëþ÷àåòñÿ â ñëåäóþùåì. Êàæäûé ýëåìåíò
çàïèñûâàåì ëèøü îäèí ðàç, è íåîáÿçàòåëüíî â ôàéëå, à ïðîñòî â ïðîãðàììå. Äëÿ êàæäîãî ýëåìåíòà ìîæåò
èñïîëüçîâàòüñÿ ñâîÿ ñèñòåìà êîîðäèíàò, íî êàæäàÿ èç íèõ äîëæíà áûòü ñäâèãîì êàêîé-ëèáî äðóãîé ïî îñè X
(íî íå Y!). Êàæäàÿ áóêâà çàäàåòñÿ (òàêæå íåïîñðåäñòâåííî â ïðîãðàììå) äâóìÿ ìàññèâàìè: îäèí ñîäåðæèò
íîìåðà ýëåìåíòîâ, à äðóãîé � ñäâèãè ïî îñè X îò ïîñëåäíåé òî÷êè ïðåäûäóùåãî ýëåìåíòà äî ïåðâîé òî÷êè
ñëåäóþùåãî. Ìû ïîìíèì èç óðîêîâ ÷èñòîïèñàíèÿ, ÷òî ðóêîïèñíûé òåêñò � ñëèòíûé. Êàê ýòî îáåñïå÷èòü?
Ïóñòü Xe, Ye  � êîîðäèíàòû ïîñëåäíåé òî÷êè î÷åðåäíîé, óæå èçîáðàæåííîé  áóêâû. Íàì íàäî çíàòü, êóäà
ïîìåñòèòü ñëåäóþùóþ. Èñïîëüçóÿ ïàðàìåòðè÷åñêèå ñïëàéíû ïåðâîãî ýëåìåíòà, íàéäåì â íåì ñàìóþ ëåâóþ
òî÷êó ñ îðäèíàòîé Ye. Îáîçíà÷èì åå àáñöèññó ÷åðåç Xnext è ïîëîæèì dx=Xnext−Xe. Ñäâèíåì òåïåðü ñëåäó-
þùóþ áóêâó âëåâî íà dx, òåì ñàìûì ñëèòíîñòü áóäåò îáåñïå÷åíà.  Ìû íå áóäåì ñîñòàâëÿòü  ïîäîáíóþ ïðîãðàì-
ìó, ïðåäîñòàâëÿÿ ýòî çàèíòåðåñîâàííîìó ÷èòàòåëþ.

Çàêëþ÷åíèå
Ïîðà ïîäâîäèòü èòîãè. Êîíå÷íî, ìû íå èñ÷åðïàëè òåìó ñïëàé-

íîâ. Çà ïðåäåëàìè èçëîæåíèÿ îñòàëèñü ìíîãèå âîïðîñû, è â ÷àñò-
íîñòè �ôóíäàìåíòàëüíûå�, èëè B−ñïëàéíû, ïîçâîëÿþùèå óäîá-
íåå ñòðîèòü ñïëàéíû; ïåðèîäè÷åñêèå ñïëàéíû, ïðåäíàçíà÷åííûå
äëÿ ïîñòðîåíèÿ çàìêíóòûõ êðèâûõ;  ïîñòðîåíèå ïðîñòðàíñòâåí-
íûõ êðèâûõ ñ ïîìîùüþ ñïëàéíîâ  è ðÿä äðóãèõ âîïðîñîâ.

Îäíàêî ìû íàäååìñÿ, ÷òî ÷èòàòåëü ïîëó÷èë íåêîòîðîå ïðåä-
ñòàâëåíèå î ñïëàéíàõ êàê óäîáíîì è íàäåæíîì èíñòðóìåíòå
èíòåðïîëÿöèè è ïðîâåäåíèÿ êðèâûõ.
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